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GÂTEAUX-DIFFERENTIABILITY OF CONVEX

FUNCTIONS IN INFINITE DIMENSION.

MOHAMMED BACHIR AND ADRIEN FABRE

Abstract. It is well known that in Rn, Gâteaux (hence Fréchet) differ-
entiability of a convex continuous function at some point is equivalent to

the existence of the partial derivatives at this point. We prove that this
result extends naturally to certain infinite dimensional vector spaces, in
particular to Banach spaces having a Schauder basis.

1. Introduction

Recall that if E is a topological vector space and E∗ its topological dual,
the subdifferential of a function f : E −→ R at some point x∗ ∈ E is the
following subset of E∗:

∂f(x∗) := {p ∈ E∗ : 〈p, x− x∗〉 ≤ f(x) − f(x∗); ∀x ∈ E}.

Let U be an open subset of E and f : E −→ R a function. We say that f is
differentiable at x∗ ∈ U in the direction of h ∈ E if the following limit exists

f ′(x∗;h) := lim
t→0

t6=0

1

t

(

f(x∗ + th)− f(x∗)
)

.

We say that f is Gâteaux-differentiable at x∗ ∈ U , if there exists F ∈ E∗

(called the Gâteaux-derivative of f at x∗ and generally denoted by df(x∗))
such that f ′(x∗;h) = F (h), for all h ∈ E.

It is well known that if E is a Hausdorff locally convex topological vector
space and f is a convex continuous function then, f is Gâteaux-differentiable
at x∗ ∈ E if and only if, ∂f(x∗) is a singleton (see [3, Corollary 10.g, p. 66]).
In this case ∂f(x∗) = {df(x∗)}, where df(x∗) is the Gâteaux-derivative of f
at x∗. For more informations on differentiability of convex functions, we refer
to the paper of Moreau [3] and the book of Phelps [4].
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2 MOHAMMED BACHIR AND ADRIEN FABRE

This note proves two main results, Theorem 1 and Theorem 2. In The-
orem 1, we will give a necessary and sufficient condition so that, a convex
function possesses a minimum on a given convex subset satisfying some gen-
eral conditions in infinite dimension : Let E be a topological vector space
equipped with a biorthogonal system (en)n≥1, (e∗n)n≥1, where (en)n≥1 is
linearly independant. Let X ⊂ E be a non-empty convex subset of E,
x∗ ∈ X and f : X −→ R ∪ {+∞} be a convex function with a non-
empty domain. We prove, under general hypothesis on X and f , that if
f ′(x∗; en) exists for all n ∈ N

∗, then we have that f(x∗) = infx∈X f(x)
if and only if f ′(x∗, en) = 0, ∀n ∈ N

∗. This extends a result known un-
der the Gâteaux-differentiability assumption. In infinite dimension, the ex-
istence of f ′(x∗; en) for all n ∈ N

∗ does not implies in general the Gâteaux-
differentiability of f at x∗. For example, in the Banach space l∞(N), the
seminorm p(x) = lim supn |xn| is nowhere Gâteaux-differentiable but we have
that p′(x, en) = 0 for all n ∈ N

∗ and all x ∈ l∞(N) (see example 1).

What seems surprising is that, for certain spaces of infinite dimension, in
particular Banach spaces having a Schauder basis, the existence of f ′(x∗; en)
for all n ∈ N

∗ (where f is convex) is equivalent to the Gâteaux-differentiability
of f at x∗ (Theorem 2). More precisely, if E is a Hausdorf locally convex topo-
logical vector space equipped with a biorthogonal system (en)n≥1, (e

∗
n)n≥1,

where (en)n≥1 is a topological basis (see Definition 2) and if f : E −→ R is
a convex continuous function, then f is Gâteaux-differentiable at x∗ ∈ E if
and only if f ′(x∗; en) exists for all n ∈ N

∗. This result extends, to the infi-
nite dimension, a result that is well known in the finite dimension, namely, in
R

n Gâteaux (hence Fréchet) differentiability of a convex continuous function
at some point is equivalent to the existence of the partial derivatives at this
point. An example illustrating this last result is the well know fact about
the Gâteaux-differentiability of the norm ‖.‖1 in l1(N), which says that ‖.‖1
is Gâteaux-differentiable at (xn)n≥1 ∈ l1(N) if and only if xn 6= 0 for all
n ∈ N

∗. From our Theorem 2, we can see more simply that ‖.‖1 is Gâteaux-
differentiable at (xn)n≥1 ∈ l1(N) if and only if it is differentiable in the direc-
tions of the basis (en)n≥1 of l1(N) which is equivalent to the differentiability
of the absolute value |.| at xn for all n ∈ N

∗, that is, if and only if xn 6= 0 for
all n ∈ N

∗. In fact the example of the norm ‖.‖1 is a particular case of a more
general result given in Proposition 3.

2. Preliminaries.

Let E be a topological vector space over the field R and E∗ its topological
dual. Let (en)n≥1 be a linearly independant familly of element of E and
(e∗n)n≥1 be a familly of element of E∗. The pair (en)n≥1, (e

∗
n)n≥1 is said to be
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a biorthogonal system if 〈e∗n, en〉 = 1 for all n ∈ N
∗ and 〈e∗n, ek〉 = 0 if n 6= 0.

The linear mappins P k : E −→ E are defined for all k ∈ N
∗ as follows

x
P k

−→ P k(x) =
k
∑

n=0

〈e∗n, x〉en.

We define the space Ek as the image of E by P k, that is, Ek = P k(E),
which is a finite dimensional vector space isomorphic to R

k. Let X be a subset
of E. For all k ∈ N

∗, we denote Xk := P k(X) and by IntEk(Xk) we mean
the relative interior of Xk, that is the interior of Xk in Ek ≃ R

k.

In all this note, we assume that E is a topological vector space over the
field R equipped with a biorthogonal system (en)n≥1, (e∗n)n≥1, where the
familly (en)n≥1 is linearly independant. For informations about biorthogonal
systems, we reffer to [1].

Definition 1. Let E be a topological vector space equipped with a biorthogonal
system (en)n≥1, (e

∗
n)n≥1, where (en)n≥1 is linearly independant. Let X ⊂ E

be a non-empty subset of E and let x∗ ∈ X be a fixed point of E.
(1) (Qualification condition) We say that the set X is qualified at x∗ if the

following conditions hold.

• P k(x∗) ∈ IntEk(Xk) for all k ∈ N
∗

• P k(X − x∗) ⊂ X − x∗ for all k ∈ N
∗.

(2) (Pseudo-semicontinuity) Let f : X −→ R ∪ {+∞} be a function with
a non-empty domain. We say that f is pseudo-semicontinuous on X with
respect to x∗ if for all x ∈ X,

lim sup
k−→+∞

f(x∗ + P k(x− x∗)) ≤ f(x).

(3) (Directional-differentiability) We say that f is differentiable at x∗ in
the directions (en)n≥1 if the following limit exists for all n ∈ N

∗

f ′(x∗; en) := lim
t→0

t6=0

1

t

(

f(x∗ + ten)− f(x∗)
)

.

It is easy to see the following proposition.

Proposition 1. The sum of two functions which are pseudo-semicontinuous
with respect to some point a of a non-empty subset X of E is also a pseudo-
semicontinuous function with respect to a.

Examples 1. Let E = l∞(N) the Banach space of bounded sequences. Let
p : l∞(N) −→ R be the function defined for all x = (xn) ∈ l∞(N) by

p(x) = lim sup |xn|.

Then,
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(i) Clearly, l∞(N) equipped with its natural biorthogonal system (en)n≥1,
(e∗n)n≥1, is qualified at each of its points.

(ii) p is a continuous seminorm (p(x) ≤ ‖x‖∞ for all x ∈ l∞(N), thus norm
continuous), is differentiable in the directions (en)n≥1 at each x ∈ l∞(N) and
we have p′(x; en) = 0 for all n ∈ N

∗ and all x ∈ l∞(N). However, p is nowhere
Gâteaux-differentiable.

(iii) p is pseudo-semicontinuous on l∞(N) with respect to each element x∗

satisfying p(x∗) = 0, but is not pseudo-semicontinuous on l∞(N) with respect
to a if p(a) 6= 0.

Proof. It is well know that p is a continuous (with respect the norm ‖.‖∞)
seminorm, but nowhere Gâteaux-differentiable (see [4, Example 1.21]). We
show that p is differentiable at each x in the directions (en)n≥1. Indeed, for
each fixed integer n ∈ N

∗ and each t ∈ R, it is easy to see that p(x + ten) =
p(x). It follows that p′(x; en) = 0 for all n ∈ N

∗ and all x ∈ l∞(N). On the
other hand, p is pseudo-semicontinuous on l∞(N) with respect to each element
x∗ satisfying p(x∗) = 0. Indeed, it is easy to see that p(x∗+P k(x−x∗)) = p(x∗)
for all x∗, x ∈ l∞(N). So, since p(x∗) = 0, then we have that p(x∗ + P k(x −
x∗)) = 0 ≤ p(x) for all x ∈ l∞(N). Thus, lim supk−→+∞ p(x∗ +P k(x− x∗)) ≤
p(x), for all x ∈ X . If p(x∗) 6= 0, then p(x∗ + P k(0− x∗)) = p(x∗) > 0 = p(0)
and so p is not pseudo-semicontinuous on l∞(N) with respect to x∗ if p(x∗) 6=
0. �

Definition 2. Let E be a topological vector space over the field R equipped with
a biorthogonal system (en)n≥1, (e

∗
n)n≥1. We say that (en)n≥1 is a topological

basis of E if for each x ∈ E, there exists a unique sequence (an) of real number

such that x =
∑+∞

n=0 anen, where the convergence is understood with respect
to the topology of E. In this case we have an = 〈e∗n, x〉 for all n ∈ N

∗.

Note that in the Banach space (l∞(N), ‖.‖∞) the natural basis (en := (δnj ),
where δnj is the Kronecker symbol satisfying δnj = 1 if j = n and 0 if j 6= n) is

not a topological basis since ‖P k(x)−x‖∞ does not converges to 0 in general.

Examples 2. We give two classical examples of Hausdorff locally convex topo-
logical vector space equipped with topological basis.

(1) Let RN be the vector space of all real sequences. We denote en := (δnj )

the elements of RN where δnj is the Kronecker symbol satisfying δnj = 1 if
j = n and 0 if j 6= n. We equip this space with the distance : for all x = (xn)
and y = (yn),

dRN(x, y) :=

+∞
∑

i=1

2−i|xi − yi|

1 + |xi − yi|

The liear map e∗n : x = (xn) 7→ xn is a continuous linear functional for each
n ∈ N

∗. The space (RN, dRN(x, y)) is a Fréchet space having a topological
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basis (en)n≥1. Indeed, for all x ∈ R
N, dRN(P k(x), x) −→ 0, when k −→ +∞.

Note that the pair (en)n≥1, (e
∗
n)n≥1 is a a biorthogonal system.

(2) Let (E, ‖.‖) be a Banach space. A Schauder basis (en)n≥1 is a basis
such that for each x ∈ E there exists a unique sequence of real number (an)

such that ‖x −
∑k

n=1 anen‖ −→ 0, when k −→ +∞. The linear mappings

e∗k : E −→ R, k ∈ N
∗, are defined by e∗k(

∑+∞

n=0 anen) = ak. It follows

from the Banach-Steinhaus theorem that the linear mappings P k : E −→ E,
k ∈ N

∗, are uniformly bounded by some constant C. Also, for all k ∈ N
∗, the

linear functionals e∗k are bounded on E. In this case, (en)n≥1, (e
∗
n)n≥1 is a

biorthogonal system of E.

Proposition 2. Let E be a topological vector space equipped with a topological
basis (en)n≥1 and a biorthogonal system (en)n≥1, (e∗n)n≥1. Then, any uper
semicontinuous function (in particular, any continuous function) f : E −→ R

is pseudo-semicontinuous with respect to each point of E.

Proof. Since (en)n≥1 a topological basis, then P k(x − x∗) −→ x − x∗ for the
topology of E, when k −→ +∞ (equivalently x∗ + P k(x − x∗) −→ x for the
topology of E, when k −→ +∞) and since f is uper semicontinuous, then
lim supk f(x

∗ + P k(x− x∗)) ≤ f(x) for all x ∈ E. �

Note that in Example 1, the function p is norm continuous on l∞(N) but
not pseudo-semicontinuous with respect a ∈ l∞(N) if p(a) 6= 0. This is due to
the fact that the natual basis of l∞(N) is not a topological basis.

3. The main results.

We give below, necessary and sufficient condition of optimality. The proof
is based on a reduction to the finite dimension.

Theorem 1. Let E be a topological vector space equipped with a biorthogonal
system (en)n≥1, (e

∗
n)n≥1, where (en)n≥1 is linearly independant. Let X ⊂ E

be a non-empty convex subset of E and let x∗ ∈ X. Suppose that X is qualified
at x∗. Let f : X −→ R∪{+∞} be a convex function with a non-empty domain,
which is pseudo-semicontinuous with respect to x∗ and differentiable at x∗ in
the directions (en)n≥1. Then, the following assertions are equivalent.

(a) f(x∗) = infx∈X f(x)
(b) f ′(x∗, en) = 0, ∀n ∈ N

∗

Proof. The part (a) =⇒ (b) is easy. indeed, suppose that f(x∗) = infx∈X f(x).
Then, we have that

0 ≤ f(x)− f(x∗) ∀x ∈ X.

In particular, since X is qualified at x∗, for all n ∈ N
∗ there exists αn > 0

such that for all |t| < αn, we have that x∗ + ten ∈ X and so

0 ≤ f(x∗ + ten)− f(x∗).
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Thus, we get that 0 ≤ limt−→0+
f(x∗+ten)−f(x∗)

t
= f ′(x∗; en). Simmilarly, we

have 0 ≥ limt−→0−
f(x∗+ten)−f(x∗)

t
= f ′(x∗; en). Hence, f ′(x∗, en) = 0, ∀n ∈

N
∗.
Now, we prove (b) =⇒ (a). Let us define fk : Xk ⊂ Ek −→ R ∪ {+∞} as

follows: for all x ∈ X ,

fk(P k(x)) := f(x∗ + P k(x− x∗)).

Then, for all k ∈ N
∗, we have that fk is Fréchet-differentiable at P k(x∗).

Indeed, for all n ≤ k we have that P k(en) = en and we have that fk(P k(x∗)) =
f(x∗). Thus, since P k(x∗) ∈ IntEk(Xk) for all k ∈ N

∗ (by the qualification
condition of X at x∗), then for all n ≤ k and all small t we have

fk(P k(x∗) + ten)− fk(P k(x∗)) = f(x∗ + ten)− f(x∗).

It follows that

(fk)′(P k(x∗); en) = f ′(x∗; en).(1)

This shows that (fk)′(P k(x∗); en) exists for each en ∈ Ek, n ∈ {1, ..., k}.
Since f is convex, then fk is also convex on the convex set Xk. Since Ek is of
finite dimension and ((en)1≤n≤k) is a basis of Ek, then it is well known (see
[2, Theorem 6.1.1.]) that fk is Fréchet-differentiable at P k(x∗).

Thanks to the equations (b) and (1), we have that for all k ∈ N
∗,

∇fk(P k(x∗)) = 0,

where ∇fk(P k(x∗)) denotes the gradiant of fk at P k(x∗). It follows that

fk(P k(x∗)) = inf
y∈Xk

fk(y),(2)

since fk is a convex function defined on the convex set Xk ⊂ Ek and P k(x∗) ∈
IntEk(Xk).

For all x ∈ X and all k ∈ N
∗, we have that P k(x) ∈ Xk, then by using (2)

we get

f(x∗) = fk(P k(x∗)) = inf
y∈Xk

fk(y) ≤ fk(P k(x)) := f(x∗ + P k(x− x∗)).

Since f is pseudo-semicontinuous on X with respect x∗, then by taking the
limit in the above inequality we obtain that

f(x∗) ≤ lim sup
k−→+∞

f(x∗ + P k(x− x∗)) ≤ f(x).

It follows that f(x∗) = infx∈X f(x). �

Remark 1. We give the following comments about Theorem 1:
(1) The above Theorem shows that, for a convex function which is pseudo-

semicontinuous with respect to x∗ ∈ E and differentiable at x∗ in the direc-
tions (en)n≥1, a necessary and sufficient condition to have a minimum at x∗
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is to satisfy f ′(x∗, en) = 0, ∀n ∈ N
∗. In several examples (see the examples

in this note), it is easy to calculate the derivative f ′(x∗, en) and also to solve
f ′(x∗, en) = 0, ∀n ∈ N

∗. Thus, the candidate for the minimum can be ex-
hibited. Since the condition is also sufficient, we get the point that realizes
the minimum.

(2) In infinite dimension, the differentiability of f in the directions (en)n≥1

at some point x∗, does not implies its Gâteaux-differentiable at x∗. An ex-
ample in the space l∞(N) illustrating this situation was given in Example 1.
However, in Hausdorf locally convex topological vector spaces equipped with
a biorthogonal system (en)n≥1, (e

∗
n)n≥1, where (en)n≥1 is a topological basis,

the situation is different as we show it in Theorem 2 below.
(3) If E is a topological vector space equipped with a topological basis

(en)n≥1 and a biorthogonal system (en)n≥1, (e
∗
n)n≥1. Then, any uper semi-

continuous function (in particular, any continuous function) f : E −→ R is
pseudo-semicontinuous with respect to each point of E (see Proposition 2).
This is not the case for the Banach space l∞(N) (see Example 1).

(4) The condition of pseudo-semicontinuity cannot be dropped from the
hypothesis of Theorem 1 as we will see it in Exemple 3, where E = l∞(N).

We obtain the following immediate corollary.

Corollary 1. Let E be a topological vector space equipped with a biorthogonal
system (en)n≥1, (e

∗
n)n≥1, where (en)n≥1 is linearly independant. Let x∗ ∈ E,

p ∈ E∗ (the topological dual of E) and f : E −→ R be a convex function
which is pseudo-semicontinuous with respect to x∗ and differentiable at x∗ in
the directions (en)n≥1. Then, the following assertions are equivalent.

(a) p ∈ ∂f(x∗)
(b) f ′(x∗, en) = 〈p, en〉, ∀n ∈ N

∗

Proof. We apply Theorem 1 with X = E (which is automatically quali-
fied at each of its points) and the convex function f − p which is pseudo-
semicontinuous with respect to x∗ (see Proposition 2 and Proposition 1). �

As consequence, we obtain the following theorem that we announced in the
abstract.

Theorem 2. Let E be a Hausdorf locally convex topological vector space
equipped with a biorthogonal system (en)n≥1, (e∗n)n≥1, where (en)n≥1 is a
topological basis. Let f : E −→ R be a convex continuous function. Then,
f is Gâteaux-differentiable at x∗ ∈ E if and only if f ′(x∗; en) exists for all

n ∈ N
∗. In this case, df(x∗)(h) =

∑+∞

n=1 f
′(x∗; en)〈e∗n, h〉, for all h ∈ E.

Proof. The ”only if” part is trivial. Let us prove the ”if” part. We know from
[3, Proposition 10.c, p.60, ] that ∂f(x∗) 6= ∅ for each point x∗ of E, since f
is continuous. We also know from [3, Corollary 10.g, p. 66], that ∂f(x∗) is a
singleton if and only if f is Gâteaux-differentiable at x∗. On the other hand,
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using Proposition 2, f is pseudo-semicontinuous on E with respect to each
point since it is continuous. So, let p, q ∈ ∂f(x∗). Hence, from Corollary 1, we
have that 〈p, en〉 = f ′(x∗, en) = 〈q, en〉, ∀n ∈ N

∗. It follows that p = q and
so that ∂f(x∗) is a singleton, which implies that f is Gâteaux-differentiable
at x∗. �

Note that the result of Theorem 2 fails for the Banach space (l∞, ‖.‖∞),
see Example 1.

It is well know (see for instance [4, Examples 1.4.]) that the norm ‖x‖1 =
∑

n≥1 |xn| in l1(N) is Gâteaux-differentiable at x = (xn) if and only if xn 6= 0
for all n ∈ N

∗. This fact is a particular case of a more general result given in
the following proposition, which is a consequence of Theorem 2. It suffices to
take un(t) = |t| for all t ∈ R and all n ∈ N

∗ in the following proposition.

Proposition 3. Let (E, ‖.‖) be a Banach space having a Schauder basis
(en)n≥1 and let (en)n≥1, (e

∗
n)n≥1 be a biorthogonal system. For each n ∈ N,

let un : R −→ R be a convex function. Suppose that that
∑+∞

n=1 un(〈e∗n, x〉) is
a convegrent series for each x ∈ E. Let f : E −→ R be the function defined
by

f(x) :=
+∞
∑

n=1

un(〈e
∗
n, x〉).

Then, f is Gâteaux-differentiable at x ∈ E, if and only if the function un is
derivable at 〈e∗n, x〉, for all n ∈ N

∗.

Proof. First, we have that f is convex and continuous on E since un is convex
for each n ∈ N

∗ and the domaine of f is E. On the other hand, it is clear that
for each n ∈ N, we have that f ′(x, en) exists if and only if un is derivable at
〈e∗n, x〉. Thus, using Theorem 2, we obtain the conclusion.

�

Proposition 4. Let (E, ‖.‖) be a Banach space having a Schauder basis
(en)n≥1 and let (en)n≥1, (e∗n)n≥1 be a biorthogonal system and let x∗ ∈ E
be a fixed points. For each k ∈ N, let fk : E −→ R be a convex continuous
function such that :

(i) for all n ∈ N
∗, there exists an > 0 such that for all k ∈ N

∗, f ′
k(x; en)

exists for all x ∈ Ix∗,an
:= {x∗ + ten : |t| < an}

(ii) the series
∑+∞

k=1 fk(x) converges pointwise to a function f .

(iii) for all n ∈ N
∗, the series

∑+∞

k=1 f
′
k(x; en) converges uniformly with

respect to x ∈ Ix∗,an
.

Then, for all k ∈ N
∗, fk is Gâteaux-differentiable at x∗, the convex con-

tinuous function f is Gâteaux-differentiable at x∗ and we have f ′(x∗, en) =
∑+∞

k=1 f
′
k(x

∗, en) for all n ∈ N
∗.
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Proof. From part (i) and Theorem 2, we have that the function fk is Gâteaux-

differentiable at x∗, for all k ∈ N
∗. Let us set f̃k,n,x∗(t) := fk(x

∗ + ten)

and f̃n,x∗(t) := f(x∗ + ten), for each k, n ∈ N and for all t ∈] − an, an[.

Using parts (i)-(iii), we get that for all n ∈ N
∗, the series

∑+∞

k=1 f̃
′
k,n,x∗(t) is

uniformly convergent on ]− an, an[ and the series
∑+∞

k=1 f̃k,n,x∗(0) converges.

Thus, for all n ∈ N
∗ the series f̃n,x∗(t) =

∑+∞

k=1 f̃k,n,x∗(t) is differentiable
on ] − an, an[ in particular it is differentiable at t = 0 and we have that

f̃ ′
n,x∗(0) =

∑+∞

k=1 f̃
′
k,n,x∗(0). In other words, we have that for all n ∈ N

∗,

f ′(x∗; en) exists and f ′(x∗; en) =
∑+∞

k=1 f
′
k(x

∗; en). Hence, f is Gâteaux-
differentiable at x∗ by Theorem 2.

�

In the following corollary, we give a KarushKuhnTucke sufficient condi-
tion, where Gâteaux-differentiability is replaced by the weaker condition of
derivatives in the directions of (en)n≥1.

Corollary 2. Let E be a topological vector space equipped with a biorthogonal
system (en)n≥1, (e

∗
n)n≥1, where (en)n≥1 is linearly independant. Let X ⊂ E

be a non-empty convex subset of E. Let f, gj, hk : X −→ R, j ∈ {1, ...,m}, k ∈
{1, ..., p}, be convex functions. Let Γ the following set

Γ = {x ∈ X/gj(x) ≤ 0, ∀j ∈ {1, ...,m};hk(x) = 0, ∀k ∈ {1, ..., p}}.

Let x∗ ∈ Γ and suppose that X is qualified at x∗ and that f, gj , hk are pseudo-
semicontinuous with respect to x∗ and differentiable at x∗ in the directions
(en)n≥1. Then, (1) =⇒ (2).

(1) There exists λ∗
j ≥ 0 for all j ∈ {1, ...,m} and ν∗k ∈ R for all k ∈ {1, ..., p}

such that

λ∗
jgj(x

∗) = 0, ∀j ∈ {1, 2, ...,m}

f ′(x∗, en) +

m
∑

j=1

λ∗
jg

′
j(x

∗, en) +

p
∑

k=1

ν∗kh
′
k(x

∗, en) = 0, ∀n ∈ N
∗

(2) We have that

f(x∗) = inf
x∈Γ

f(x).

Proof. (1) =⇒ (2). We apply Theorem 1 to the function f +
∑m

j=1 λ
∗
jgj +

∑p
k=1 λ

∗
khk, to get that for all x ∈ X

f(x∗) +

m
∑

j=1

λ∗
jgj(x

∗) +

p
∑

k=1

λ∗
khk(x

∗) ≤ f(x) +

m
∑

j=1

λ∗
jgj(x) +

p
∑

k=1

λ∗
khk(x).
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Since, λ∗
jgj(x

∗) = 0 for all j ∈ {1, 2, ...,m} by hypothesis and since hk(x
∗) = 0

for all k ∈ {1, 2, ..., p} (because x∗ ∈ Γ), then for all x ∈ Γ, we ontain that

f(x∗) ≤ f(x) +

m
∑

j=1

λ∗
jgj(x) +

p
∑

k=1

λ∗
khk(x)

≤ f(x).

Hence, f(x∗) = infx∈Γ f(x). �

4. examples.

As proved in Example 1, in infinite dimention, the fact that a convex
continuous function f is differentiable at x∗ in the directions (en)n≥1 does not
implies that f is Gâteaux-differentiable at x∗. We give a simple first examples
(Example 3 and Example 4) showing how Theorem 1 can be applied by using
only differentiability in the directions (en)n≥1. In Example 5, we show that
the condition of pseudo-semicontinuity cannot be dropped from the hypothesis
of Theorem 1 or Corollary 1.

Examples 3. Let f : (l∞(N), ‖.‖∞) −→ R be the convex continuous function
defined by

f(x) = lim sup |xn|+
+∞
∑

n=1

βn(x2
n −

xn

n
),

where, 0 < β < 1 is a fixed real number such that
∑+∞

n=1 β
n < 2. The

qualification condition is trivial at each point. On the other hand, we have
that f ′(x; en) = p′(x; en) + βn(2xn − xn

n
) = βn(2xn − xn

n
) for all n ∈ N

∗

(We use Example 1). It follows that f ′(x; en) = 0 if and only if x = ( 1
2n ).

In this case p(( 1
2n )) = 0 and so p is pseudo-semicontinuous with respect to

this point (thanks to Example 1). Also f1 is Pseudo continuous with respect
this point (easy to verify) and so also f by Proposition 1. Then, we can
apply Theorem 1. Hence the sequence x∗ = ( 1

2n ) is an optimal solution of the

problem infx∈l∞(N) f(x). Note that f is not Gâteaux-differentiable at ( 1
2n )

since p((xn)) = lim sup |xn| is nowhere Gâteaux-differentiable (see Example

1) and f1((xn)) =
∑+∞

n=1 β
n(x2

n − xn

n
) is Gâteaux-differentiable at ( 1

2n ) (see
Proposition 3).

Examples 4. Let E = R
N and X := l1(N) ∩ (R+)

N (convex subset) and let
f : X −→ R be the convex function defined by

f((xn)n) =

+∞
∑

n=1

xn −
+∞
∑

n=1

2βnx
1
2
n

(where 0 < β < 1 is a fixed real number). The problem is to minimize f on
X . A solution of this problem is x∗ = (β2n) ∈ X .
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Proof. The function f is differentiable in the directions (en)n≥1 at each x =

(xn) ∈ X such that xn > 0 for all n ∈ N
∗ and we have f ′(x; en) = 1 − βn

(xn)
1
2

for all n ∈ N
∗. Now, suppose that f ′(x; en) = 0 for all n ∈ N

∗. Then, we have
that

1−
βn

(xn)
1
2

= 0, ∀n ∈ N
∗.

In other words, xn = β2n for all n ∈ N
∗. Clearly, the point x∗ = (β2n)

belongs to X . To schow that x∗ is an optimal solution of the problem of
minimization, it suffices to prove that X is qualified at (β2n) and that f is
pseudo-semicontinuous on X with respect to (β2n). This is the case as we
will see it. In fact, X is qualified at each point (xn) such that xn > 0 for all
n ∈ N

∗ and f is pseudo-semicontiuous on X with respect to each point x of
X . Indeed,

(a) for all k ∈ N
∗, we have that P k(X) = R

k
+ × ({0})N−k := Xk. It follows

that IntEk(Xk) = (R∗
+)

k × ({0})N−k. In particular P k((β2n)) ∈ IntEk(Xk)

(b) clearly we have x∗+P k(x−x∗) ∈ X for all k ∈ N
∗ and all x = (xn), x

∗ =
(x∗

n) ∈ X . Indeed,

x∗ + P k(x− x∗) = (x1, x2, ..., xk, x
∗
k+1, x

∗
k+2, ....) ∈ l1(N) ∩ (R+)

N = X.

(c) Let x, x∗ ∈ X , then

f(x∗ + P k(x− x∗)− f(x) =

∞
∑

n=k+1

(x∗
n − xn)−

∞
∑

n=k+1

2βn((x∗
n)

1
2 − x

1
2
n )

it follows that limk−→+∞ f(x∗ + P k(x − x∗)) = f(x). Hence, f is pseudo-
semicontiuous on X with respect each point x of X in particular with respect
the point x∗ = (β2n). �

The following example shows that the condition of pseudo-semicontinuity
cannot be dropped from the hypothesis of Theorem 1 or Corollary 1.

Examples 5. Consider the convex continuous function g : (l∞(N), ‖.‖∞) −→ R

defined by

g((xn)n) = lim sup |xn|+
+∞
∑

n=1

βn(x2
n − 2xn),

where 0 < β < 1 is a fixed real number such that
∑+∞

n=1 β
n < 2. We proceed

as in Example 3 and gives the candidate for the optimum that is (xn) =
(1, 1, 1, ...). However, this candidat is not an optimal solution for the problem
infx∈l∞(N) g(x). Indeed, we verify easly that g(1, 1, 1, ...) > g(12 ,

1
2 ,

1
2 , ...) (using

the fact that
∑+∞

n=1 β
n < 2). This is due to the fact that the function p(x) =

lim supn(|xn|) is not pseudo-semicontinuus with respect to (xn) = (1, 1, 1, ...)
since we have that p(1, 1, 1, ...) = 1 6= 0 (see Example 1).
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