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FINITELY DETERMINED FUNCTIONS AND CONVEX
OPTIMIZATION.

M. BACHIR, A. FABRE AND S. TAPIA-GARCIA

ABSTRACT. We study the notion of finitely determined functions defined
on a topological vector space E equipped with a biorthogonal system.
This notion will be used to obtain a necessary and sufficient condition for
a convex function to attain a minimum at some point. An application to
the Karush-Kuhn-Tucker theorem will be given. For real-valued convex
functions defined on a Banach space with a Schauder basis, the notion
of finitely determined function coincides with the classical continuity
but outside the convex case there are many finitely determined nowhere
continuous functions.
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1. INTRODUCTION

Let E be a topological vector space over the field R and E* its topological
dual. Let (e,) be a linearly independent family of elements of E and (e}) be a
family of elements of E*. The pair (e, e) is said to be a biorthogonal system
if (ef,en) =1for all n € N and (e}, ex) = 0 if n # k. Furthermore, (e,,€})
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it is called fundamental if F = span(e, : n € N). The linear mappings
P, : E — E are defined for all k € N as follows

k
Pk *
r — Py(x) = Z(en,x)en.
n=0
A well known result asserts that each Banach space E contains a biorthogonal
system (ey, €f),. Moreover, whenever E is separable there exists a fundamen-
tal biorthogonal system, see [7].

Throughout the manuscript, we assume that the topological vector space
E is equipped with a biorthogonal system (e,,eX). For further information

about biorthogonal systems, we refer to [1], [9], [10], [5] and [13].

Definition 1. We say that f : E — R is finitely determined by the biorthog-
onal system (en,er) with respect to a € E if we have:

f@)= lim fa+ Pa(e—a), Vo€ B,

If the above equality is satisfied with respect to all a € E, then we say that
f is finitely determined by the biorthogonal system (en,el). We say that f
is inf-finitely determined by the biorthogonal system (en,el) with respect to
a € E if we have:

[@) 2 inf f(a+ Palw—a)), V2 €F,

If the above inequality is satisfied with respect to all a € E, then we say that
f is inf-finitely determined.

When there is no confusion with the related biorthogonal system, we will
simply say that f is finitely determined (resp. inf-finitely determined) at a or
with respect to a.

Clearly, every finitely determined function is inf-finitely determined. The
aim of this paper is to study the notions of finitely determined and inf-finitely
determined function and their applications to optimization. The motivation
behind the study of these notions, lies in the following simple observations:

(1) If f is inf-finitely determined (not necessarily convex), then f has a
global minimum at & = 0 (we take Z = 0 for simplicity) if and only if the
restriction f|p, () has a global minimum at 0 for each k& € N, where Py(FE)
denotes the image of E under the linear mapping Pj. Since Py (F) is of finite
dimension for each k € N, the terminology of finitely determined function is
motivated.

(2) Let E = [°°(N) the Banach space of bounded sequences. We consider
the biorthogonal system given by the canonical basis (e) of ¢o(N), seen as
a subspace of E, and the coordinate functionals (e). Let p : {*(N) — R

n



FINITELY DETERMINED FUNCTIONS AND CONVEX OPTIMIZATION. 3

defined by p(z) = limsup,, |z,|. We know from [14, Example 1.21] that p is
nowhere Gateaux-differentiable. On the other hand, clearly, p is convex and
inf-finitely determined with respect to each point a of ¢g(N) (p is also a norm
continuous seminorm). Moreover, the directional derivative with respect to
the canonical basis (e,) of [*°(N), exists and is equal to 0 at each point of
[°°(N) (see Example 1), that is, for all z € [*°(N) and all n € N,

plaen) = i 5 (o +ten) ~p(@) =0 (9

We then notice trivially, that p has a minimum at a point a iff a € ¢o(N).
Also, p is inf-finitely determined with respect a iff a € ¢o(N). The question
in this paper is: is it true that every convex function f : [°°(N) — R which
is inf-finitely determined with respect to some point xo € {°°(N) and satisfies
the equation (%) at z¢ (weaker than Gateaux-differentiability), has necessarily
a minimum at this point? We answer this question positively, even in a more
general framework (Theorem 3). Thus, for inf-finitely determined function
with respect to x, the criterion (%) is sufficient to characterize a minimum at
x, and the stronger assumption of Gateaux-differentiability can be relaxed.

We say that (e,) is a topological basis (or Schauder basis) of F if for
each € E, there exists a unique sequence (a,) of real number such that

T = :i% anen = lim, 2?21 a;e;, where the convergence is understood with
respect to the topology of E. In this case we have a, = (e}, z) for all

n € N. If F is a topological vector space with a topological basis (e, ), we have
a+ P,(x —a) — z, for all a,z € E. In this case, every continuous function
is finitely determined by (e, e}) and we prove in Corollary 4 , that the exis-
tence of partial derivatives (in the directions (e,,), when it is a Schauder basis)
coincides with Gateaux-differentiability for convex continuous functions.

The space (FDy(E),||.|lcc) (resp. (Cy(E),|.|lso)) denotes the set of all
real-valued bounded finitely determined functions on FE with respect to a
given biorthogonal system (e,,e’) (resp. of all real-valued bounded contin-
uous functions on F) equipped with the sup-norm. It is easy to see that
(FDy(E), ||-|l) is a Banach algebra.

This paper is organized as follows. In Section 2, we prove that if F is a
Banach space and (ey,),, is a Schauder basis, the property of finite determina-
tion coincides with continuity for real-valued convex functions. Nonetheless,
outside the convex case there are a many finitely determined nowhere con-
tinuous functions, in particular we prove that FDy(E) \ Cp(E) is an open
dense subset of FDy(E) (Theorem 1 and Theorem 2). On the other hand,
if E is a separable Banach space without Schauder basis and (en,e}) is a
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fundamental biorthogonal system of F, then the norm of F is not finitely
determined by the biorthogonal system (e, e)) (Corollary 1). A character-
ization of Schauder basis in term of the equivalence between continuity and
the notion of finitely determined for convex functions is given in Corollary 2.
In Section 3, using the notion of inf-finitely determined functions, we give a
necessary and sufficient condition for a convex function to have a minimum
at some point (Theorem 3). In Section 4, we use this result to generalize the
Karush-Kuhn-Tucker theorem. Finally, in Section 5, we give some examples.

Notation: Throughout this paper, E denotes a topological vector (or
Banach) space, (z,,) C E denotes a sequence in E and whenever E is a normed
space, Bg(x,p) denotes the open ball centered at x of radius p. E* denotes
the dual space of E and (-,-) the duality product. For a convex function f,
Of(x) denotes the convex subdifferential of f at the point x.

2. FINITELY DETERMINED FUNCTIONS

In this section, we study some properties of inf-finitely determined and
finitely determined functions in Banach spaces equipped or not with a Schauderfi
basis.

2.1. Banach space with a Schauder basis. Recall that a Banach space
(E, ||.|) with a Schauder basis is necessarily separable. In our proofs, we wille
use the following well known result.

Lemma 1. [1, Proposition 1.1.9] A sequence (e,) of nonzero vectors of a
Banach space E is a Schauder basis in Span(e, : n € N) if and only if there
is a positive constant K such that

m n
E arek E ar€k
k=1 k=1

for every sequence of scalars (ay) and all integers m, n such that m <n.

<K

Remark 1. In the context of the paper, Lemma 1 can be reformulated as
follows: A sequence (e,) C E is a Schauder basis if and only if the linear
operators (P,,) are uniformly bounded, i.e. there exists some K > 0 such that
|P.|| < K for all n € N.

The following is the main theorem of this subsection:

Theorem 1. Let E be a Banach space equipped with a fundamental biorthog-
onal system (en,ek) such that (e,) is a Schauder basis. Then, for every
real-valued convex function, the notions of finitely determined by (en,e€l) and
classical continuity coincides.
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Before proceeding with the proof of Theorem 1, we recall simple facts
about convex functions: every convex function f : Y — R defined on a
finite dimensional Banach space Y is continuous and every convex function
F : E — R defined on a Banach space F is continuous if and only if it is
locally bounded from above at each point x € E. Moreover, the last property
is equivalent to be locally bounded from above at just one point z € E. Also,
we need the following lemma (see [4, Theorem 5.43, p. 188]).

Lemma 2. Let f : E — R be a convex function and Y, Z be two closed
subspace of E such that E =Y +7Z andYNZ = 0. Let xg = yo + 20 € E,
where yo € Y and zg € Z fized. Let g :' Y — R, h: Z — R be the convez
functions defined by g(y) = f(y + z0) and h(z) = f(yo + z). Then [ is
continuous if and only if both g and h are continuous.

Proof. The necessity is straightforward. To prove the sufficiency, we show
that f is locally bounded. Let T =5+ 2 € E wherey € Y and Z € Z. Let
€>0,u € By(g,e) and v € Bz(Z, €), then:

_ _ Y% , _* @)
flutv) = f(u R R B
1 1
< §f(2u—yo+zo)+§f(271—20+y0)

1 1
= §g(2u — o) + §h(2v — 2p).
Since g and h are continuous, then f is locally bounded. O

We also highlight the definition of a finitely determined function f with
respect to the point @ = 0, i.e. if f is finitely determined at 0, it holds:

(1) flx) = 1i7rlnf(Pn(x)) forall x € E.

Proof of Theorem 1. Let f : E — R be a continuous function. Since (ey,)y, is
a Schauder basis of F, f is finitely determined. Indeed, for every a € E and
x € E, the sequence (a+ P, (z—a)),, converges to . On the other hand, let us
assume by contradiction that there exists a finitely determined convex function
f: E — R which is discontinuous. The idea of the proof is to find a point T €
E (by induction) such that f(Z) must take the value +o0o. Since f is convex
and its domain is F, it must not be locally bounded from above at any point,
in particular at 0. Let 21 € F such that ||z1]| < 1 and f(z1) > 1. By equation
(1), we get Ny € N such that f(Py,(x)) > 1. Let us call Z1 = Py, (z1). In
order to use Lemma 2, consider the subspaces Y7 := span(e, : n < Nj) and
Zy :=span(e, : n > Ni) and the point T; = Z; + 0. Since f is discontinuous
and Y7 is a finite dimensional space, then the function g; : Z; — R defined by
91(z) := f(T1+2) is also discontinuous and satisfies equation (1). Inductively,
suppose that we have constructed the vectors {Z;}*_, and the familly {N;}¥_,,
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where T; € span(e, : n € {N;—1+1,..,N;}), No = =1, ¢;-1(T;) > ¢ and
|Z:ll < ||Pn]l/2°71. Let us define Z, = span(e, : n > Ng). By Lemma
2, the convex function gi : Z; — R defined by gx(z) = f(zl 1T+ 2) s
discontinuous and equation (1) is still valid for it. Since gi is not locally
bounded from above at 0, there exists xj41 € Zi such that ||zx1] < 1/2F
and gi(zr4+1) > k + 1. But using equation (1), we get an integer Nyy1 > N
such that the vector Tx11 = Pn,,, (zx41) also satisfies gp(Try1) > &k + 1.
Having constructed a sequence (Z,,) C F using the previous induction, we
can check that the function f at the point:

o0
=37
i=1

must take the value +o00. In fact, to show that the point T is well defined,
we just use Lemma 1 to recall that the norm of the projections (P,), are
uniformly bounded and compute:

Z Il = Z 1Py, (@)l < Z DN

Finally, using equation (1) we deduce that:
f(@) = lim f(P()) = lim f(Pr, (7)) = lim gx (Tp+1) = oo,

which leads to a contradiction. Hence, we proved that, for real-valued convex
functions, the notions of finitely determined and classical continuity coincide.
O

In the following theorem, we prove that outside the convex case there are
lots of finitely determined nowhere continuous functions.

Theorem 2. Under the hypothesis of Theorem 1, there exists a Gs dense
subset G of E such that for every f € Cy(FE) and every € > 0, there exists
fe € FDy(E) nowhere continuous on E\ f~1(0) such that ||f: — fllee < €
and f. = f on f~Y50) U G. In particular, Cy(E) is a closed subspace of
(FDy(E), ||-|lc) with empty interior.

Proof. Let us define the following function:

[ 1ifteQ
U(t)_{ 0ifteR\Q

Let e > 0 and f € C,(E) \ {0}. Let us set

f.(z) = EJ(<€O’ z)) z) for all
fe(z) (1 Il )f()f lxcE.
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Then, we have that for all x € E

) ey = Sl o
Fele) = @l = ()

< e

It follows that ||f. — f|leo <& and fo = f on f~1(0) U (ef) " (R\ Q). Let us
set Q = Upen{gn}, we have

G = ()" R\ Q) = Npen(ed) LR\ {gn}).

For each n € N, the set (ef) (R \ {g.}) is an open dense subset of E (in
fact the complement of an affine subspace). Thus G is a G5 dense subset of
Eand f. = f on f~Y0)UG. To see that f. € FDy(E), it suffices to show
that the function & : x — o((ef,z)) belongs to FDy(E), since FDy(E) is
a Banach algebra and C,(E) C FDy(E). Indeed, for all a,z € E, we have
5(a+ Py(z — a)) = 6(x). Thus, & € FDy(E) and so we have f. € FDy(E).
Now, we prove that f. is nowhere continuous on E\ f71(0). Indeed, let x € E
and a € E\ f71(0)

Fo@) - f@) = |- €J|(<fe|0;o>))(f(z)f(a))+

e(o((ep, @) — a((eg, )

17T Sl
(2) Z |€(O—(<607a|>?f|:(<€Oaz>))f(a)| _
ool )
1 il IIf (@) = f(a)]

Case 1: if (ef, a) € R\ Q, we choose rational numbers r(a) € Q such that
Iri(a) — {ef, a)| < 27F for all k € N, and we set z, = a+ (rx(a) — (ef, a))eq for
allk € N. Then, ||z —al <2 % forall k € Nand |o((ef,a))—a({ef, zx))| = 1.
It follows from (2) that

Folen) - f@)] > j'ﬁjj'—|1—an<xk>—f<an.

Since f is continuous, sending k to +o0o0, we have that

elf ()l
[1flloo

limkinf |fg(:1ck) — fe(a)| > >0,

which implies that f; is not continuous at a.

Case 2: in a similar way, if (e}, a) € Q, we choose irrational numbers
re(a) € R\ Q such that |ri(a) — (ef,a)| < 27F for all k € N, and we put
zr = a+ (ri(a) — (e}, a))eo for all k € N. Then, ||z, —al| <27F for all k € N
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and |o({ef,a)) — o({ef,zx))| = 1. Then, using (2) and sending k to +o0, we
have that

liminf | . (1) — f2(a)| > j:;ﬁ“)' >0,

which implies also that fs is not continuous at a.

Finally, we proved that for every f € Cy(E) \ {0} and every £ > 0, there
exists f. € FDy(E) nowhere continuous on E\ f~*{0} such that || fo— f|lec < €
and f. = f on f~{0} UG (the case of f = 0 is also clear). Since Cy(E) is a
closed subset of F.Dy(E), it is now clear that F'Dy(FE) \ Cy(F) is an open and
dense subset of FDy(E). This concludes the proof.

U

2.2. Topological vector space without Schauder basis. In the follow-
ing proposition, it is shown that a convex norm-continuous function is not
necessarily finitely determined by a biorthogonal system if the sequence is
not a Schauder basis. Note that, finding a separable Banach space without a
Schauder basis is non-trivial result due to P. Enflo [8].

Proposition 1. Let E be a separable Banach space without Schauder ba-
sis. Then for every fundamental biorthogonal system (e, el) there exists a
continuous linear form y* € E* which is not finitely determined by (e, ek).

Proof. First, since the function ¢,, : E* — R defined by ¢, (*) := ||a* o P, || is
convex continuous for each n € N, the function ® : E* — RU{+o0} defined by
®(x*) := sup,, ¢, is convex and lower semi continuous (Isc from now on). We
prove that there exists z* € E* such that ®(z*) = +00. Indeed, by Lemma
1 we already know that sup,, || P,|| = +o0, with which we can compute the
following estimation:

+00 = sup || Pyf| = sup sup |[[Pyz|| =sup sup sup [(z", Px)
n

nlzfl=1 nlzfl=1 lz= =1
=sup sup sup [(z* o P, x)| <sup sup |[z"oP,||= sup P(z¥),
nlz*=1]l=]=1 nlzr]=1 llz*]l=1
thus, we can deduce that the function ® is not locally bounded at 0, then
it is not continuous. Since P is lsc, there exists some T* € E* such that
®(T*) = 4+o00. Hence, TF is not finitely determined by (e,,ek), otherwise,
from equation (1) and Banach-Steinhaus Theorem we have that ®(Z*) € R,
which is a contradiction. 0

Remark 2. Since @ is a convex Isc function, in the proof of Proposition 1 we
have proven that its domain has empty interior.

By f* we denote the Fenchel conjugate of a function f: for all z* € E*

(@) = jgg{@*,@ — f(=)}.
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Corollary 1. Let E be a separable Banach space without Schauder basis and
let (en,el)n be a fundamental biorthogonal system of E. Then, there is no
finitely determined (by (en,el)) convex continuous function f : E — R such
that int(dom(f*)) # 0. In particular, the norm || - || of E is never finitely
determined.

Proof. Let f : E — R be a convex function such that the domain of its
Fenchel conjugate f* has nonempty interior. Let z* € int(dom(f*)). Since
f* is convex and lsc, it is bounded from above at z*. Then there exists some
p > 0and M > 0 such that f*(y*) < M for all y* € Bg«(z*, p). By definition
of f*, we have:

(3) <y*a$> < f*(y*) +f($) < M+f($)a Vr € Ea Vy* S BE*(-r*;P)-

Let ® : E* — RU{+o00} be the function defined in the proof of Proposition
1. We know that its domain has empty interior, thus there exists a §* €
Bg-(x*, p) such that ®(7*) = +oco. By Banach-Steinhaus Theorem, there
exists 2 € X such that the sequence (7" o P,(z)) is not bounded from above.
Hence, by equation (3) we have that equation (1) is not satisfied at the point
z. Finally, since the Fenchel conjugate of the norm is the function f : E* —
RU{oo} such that f(y*) = 0if ||y*|| <1 and o0 otherwise, we conclude the
theorem. O

The notion of finitely determined function, applied to convex functions,
characterizes the Banach spaces with a Schauder basis.

Corollary 2. Let E be a separable Banach space and let (e, el), be a funda-
mental biorthogonal system of E. Then, (e,) is a Schauder basis if and only
if the notions of finitely determined by (en,el) and norm continuity coincide
for real-valued convex functions.

Proof. The proof is a consequence of Theorem 1 and Corollary 1. O

We give below a useful example of inf-finitely determined (with respect
to some points) convex function having directional derivative but which is
nowhere Gateaux-differentiable. We need the following definition.

Definition 2. (Directional-differentiability) Let E be a Banach space and let

(en,€l)n be a biorthogonal system of E. We say that f is differentiable at a
in the directions (ey) if the following limit exists for alln € N

Plaien) =l 2(Flatten) — £(@):

Ezample 1. Let E = [°°(N) the Banach space of bounded sequences. We
denote e, := (d}) the elements of [°°(N) where ¢ is the Kronecker symbol
satisfying 67 = 1 if j = n and 0 if j # n. Let (en,e;;) be the natural
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biorthogonal system of [°°(N). Let p : {*°(N) — R be the function defined
for all z = (x,) € [*°(N) by

p(z) = limsup |xy].

Then,

(1) p is a continuous seminorm (p(z) < ||z||c for all z € [°°(N)), is differen-
tiable in the directions (e, )n>1 at each z € {°°(N) and we have p’(z;e,,) = 0 for
all n € N* and all z € [°°(N). However, p is nowhere Gateaux-differentiable.

(2) p is inf-finitely determined on {*°(N) with respect to a if and only if
p(a) =0 (i.e. a € co(N)).

Proof. Tt is well know that p is a continuous seminorm (with respect the
norm ||.||so), nowhere Gateaux-differentiable (see [14, Example 1.21]). We
show that p is differentiable at each z in the directions (e,,). Indeed, for each
fixed integer n € N* and each t € R, it is easy to see that p(x + te,) = p(z).
It follows that p'(x;e,) = 0 for all n € N* and all z € [°°(N). On the other
hand, p is inf-finitely determined on [*°(N) with respect to each element a
satisfying p(a) = 0. Indeed, it is clear that p(a + Py(x — a)) = p(a) for all
a,z € [°(N). So, if p(a) = 0, then we have that p(a + Px(x —a)) = 0 < p(x)
for all € [°°(N). Thus, infrenp(a + Py(z — a)) < p(z), for all x € [*°(N). If
p(a) # 0, then p(a+ Px(0 —a)) = p(a) > 0 =p(0) and so in this case p is not
inf-finitely determined on [*°(N) with respect to a.

O

Note that in the Banach space (I°°(N),||.||) the sequence e, := (&})
(where 07 is the Kronecker symbol), is not a topological basis since in general
| Pe(x) — x||oo does not converges to 0, when k — +o0.

Proposition 2. Let f : (I°(N),|.]lc) — R be a L-Lipschitz continuous
function (L > 0) and p(x) = limsupy, |xg|. Then, f + Lp is inf-finitely deter-
mined with respect to each point a of co(N).

Proof. Since f is L-Lipschitz continuous, we have that for all x € [*°(N)
|fla+ Pe(z —a)) = f(z)] < Llla+ Pr(z—a) -zl

— L sup |an — 2l
n>k+1

IN

L sup lan|+ L sup |z
n>k+1 n>k+1

Besides, we have that p(a + Px(z — a)) = p(a) = 0 since a € ¢p(N). Thus,
using the above inequality we get

fla+ P(e —a)) + Lp(a+ Pulw —a) < f(&)+L sup lan|+ L sup |z,
n>k+1 n>k+1

Taking the limit superior over k € N, we get that
limsup(f(a+ Pu(w — ) + Lp(a+ Pz —a)) < () + Lp(a).

k—+o00
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and so,

lirelg(f(a + Py(z —a)) + Lp(a+ Py(z —a))) < f(z)+ Lp(z).

Hence, f is inf-finitely determined on [*°(N) with respect to a € ¢o(N). O

3. NECESSARY AND SUFFICIENT CONDITION OF CONVEX OPTIMALITY

Note that we can construct on [*°(N) canonical examples of convex inf-
finitely determined functions at some point a € [°°(N) (and norm continuous)

f (M), [ o) — R

which are differentiable at @ in the directions of the canonical basis (e, )n>1 of
¢o(N) but are not Gateaux-differentiable at this point. We proceed as follows:
let g : (co(N), ||.]lco) — R be a convex L-Lipschitz continuous function which
is Gateaux-differentiable but not Fréchet-differentiable at a € ¢o(N) (such
function g always exists and can be constructed canonically, see for instance
[2]). Let us define f : (I*°(N), ||.|lcc) — R by

f(x) = yeig[l){N){g(y) + L(||z = ylloo + p(z — )},

where p(x) = limsup,, |z,| for all z € [°°(N). The function f is convex
and Lipschitz continuous satisfying fi.,) = g, where f,,v) denotes the
restriction of f to ¢o(N). It follows that f'(a,;e,) = ¢'(a;e,) exists for all
n € N. However, f cannot be Gateaux-differentiable at a € ¢o(N), otherwise
Jieov) = g would be Fréchet-differentiable at a since the canonical embedding
i:co(N) — [°°(N) is a limited operator (see [2, Corollary 1] for details). Note
also that f is inf-finitely determined on [°°(N) with respect to each point of
a € ¢y (N)

Thus, in infinite dimension, the fact that a convex continuous function f is
differentiable at a in the directions (e,) does not implies that f is Gateaux-
differentiable at a (see also Example 1).

Definition 3. (Qualification condition) Let E be a topological vector space
equipped with a biorthogonal system (en, el) (not necessarily a topological ba-
sis). Let X C E be a non-empty subset of E and let a € X be a fized point of
E. We say that the set X is qualified at a if the following conditions hold.

e For all n € N, there exists o, > 0 such that a + te,, € X for all
[t] < ap.
o P(X —a)CX —a forallkeN.

We define the space Ej, as the image of E by Py, that is, Ex, = Py (F), which
is a finite dimensional vector space isomorphic to R¥. Let X be a subset of
E. For all k € N, we denote X, := P(X) and by Intg, (X)) we mean the
relative interior of X}, that is the interior of X in Ej ~ R¥.
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Remark 3. Provided that X is a convex set, the qualification condition implies
that Py (a) € Intg, (Xy) for all k € N*, but is in general weaker than the fact
that a € Intgp(X). Indeed, let E := (I*(N),|.|[1) and let X; := {(x,) C
I*(N) : z,, > 0;Vn € N} be the convex positive cone of I*(N). Then,

[ ] Int(X.,.) = (Z),

e however, X is qualified at each of its points.

We give below the main result of this section which gives a necessary and
sufficient condition of optimality by using the notion of inf-finitely determined
function. The proof is based on a reduction to the finite dimension. For recent
works on convex optimization in finite dimension, we refer for instance to [6]

and [15].

Theorem 3. Let E be a topological vector space equipped with a biorthogonal
system (en,ek) (not necessarily a topological basis). Let X C E be a non-
empty convex subset of E and let a € X. Suppose that X is qualified at a.
Let f : X — R be a convex function, such that f is inf-finitely determined
on X with respect to a and differentiable at a in the directions (e,). Then,
the following assertions are equivalent.

(a) f(a) = infeex f(z)

(b) f'(a,e,) =0, VneN
Proof. The part (a) = (b) is easy. Indeed, suppose that f(a) = inf,cx f(z).
Then, we have that

0< f(z) — fla) Vz € X.
In particular, since X is qualified at a, for all n € N there exists «;,, > 0 such
that for all |t| < au,, we have that a + te, € X and so
0< fla+te,) — f(a).

Thus, we get that 0 < lim;__,q+ w = f'(a;e,). Simmilarly, we
have 0 > lim;__,o- w = f'(a;ey). Hence, f'(a,e,) =0, V¥n € N.

Now, we prove (b) = (a). Let us define fi : X;; C Ex — R as follows:
forall x € X,

fe(Pr(2)) := f(a+ Pe(z — a)).

Note that f is well defined and that Py(a) € Intg, (X)) for all k € N (by the
qualification condition of X at a, see Remark 3). We prove that, for all & € N,
the convex function f is Fréchet-differentiable at Py (a). Indeed, for all n < k
we have that Pg(e,) = e, and we have that fi(Pg(a)) = f(a). Thus, for all
n < k and all small ¢ we have

(4)  fe(Pr(a) +ten) — fu(Pi(a)) = fu(Prla+ten)) — fr(Prla))
= f(a+t€n) - f(a).

It follows that

(5) fi(Pe(a)sen) = f(asen).
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This shows that f;(Px(a);e,) exists for each e, € Ey, n € {1,...,k}. Since
fx is a convex function on the convex set Xy, Py(a) € Intg, (X%) and since
E}, is of finite dimension with (e,)1<n<k as a basis, then it is well known (see
[11, Theorem 6.1.1]) that fy is Fréchet-differentiable at Py (a).

Thanks to the equations (b) and (5), we have that for all £k € N,
D fx(Py(a)) = 0,

where D fi(Px(a)) denotes the Fréchet-derivative of f at Py(a). Moreover,
fx is a convex function defined on the convex set X), C Ej and Py(a) €
Intg, (Xi) (by the qualification condition). It follows that

(6) fe(Pr(a)) = yieﬂ)gk fe(y).

For all x € X and all k£ € N, we have that P;(z) € X}, then by using (6)
we get

fa) = fr(Pi(a)) = nf fr(y) < fr(Pr(x)) := fla+ Pr(z —a)).

Since f is inf-finitely determined on X with respect to the point a, then by
taking the infimum in the above inequality we obtain that for all z € X

£(@) < inf fla+ Pyl — a)) < (2).
It follows that f(a) = inf,cx f(2). O

Remark 4. The example of the (norm) continuous seminorm p : {*°(N) — R,
x +— limsup,, |z,| shows that the condition of inf-finitely determined property
cannot be dropped from the hypothesis of Theorem 3. Indeed, we know that
for each a € 1*°(N), we have that p’(a,e,) = 0 for all n € N* (see Example 1).
On the other hand, if p(a) # 0, then clearly a is not a minimum for p. Thus,
Theorem 3 does not apply for p at a if p(a) # 0. This is due to the fact that p
is not inf-finitely determined on [°°(N) with respect to a if p(a) # 0. However,
if p(a) = 0, then p is inf-finitely determined on {*°(N) with respect a. In this
case Theorem 3 applies and p has a minimum at a (which is trivial here since
p(a) =0 < p(x) for all a € ¢x(N) and all z € [*°(N)).

The above Theorem shows that, for a convex function which is inf-finitely
determined with respect to a € E and differentiable at a in the directions
(en)n>0, & necessary and sufficient condition to have a minimum at a is to
satisfy f'(a,e,) = 0, Vn € N. In several examples, it is easy to calculate
the derivative f’(a,e,) and also to solve f'(a,e,) = 0, Vn € N. Thus, the
candidate for the minimum can be exhibited. Since the condition is also
sufficient, we get the points that realizes the minimum (see Section 5 for
examples). Moreover, in infinite dimension, the differentiability of f in the
directions (e,) at some point a, does not implies in general its Gateaux-
differentiable at a. An example in the space [*°(N) illustrating this situation
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was given in Example 1. Thus, Theorem 3 can be applied for instance in
E = [°°(N) without the Géateaux-differentiability assumption. For example,
combining Proposition 2 and Theorem 3, we get the following corollary:

Corollary 3. Let f : (I°°(N), ||.]|cc) — R be a convex L-Lipschitz continuous
function (L > 0) and p(x) = limsupy, |zx|. Suppose that there exists a € co(N)
such that f'(a,e,) =0 for alln € N. Then, f+ Lp has a minimum on [*°(N)
at a.

However, in Hausdorff locally convex topological vector spaces equipped
with a biorthogonal system (e,,eX), where (e,) is a topological basis, the
situation is different. Indeed, as we show it in Corollary 4, in this situa-
tion, the differentiability of a convex continuous function f in the directions
(en) at some point a, is equivalent to the Géateaux-differentiability of f at
a. This result is a natural extension of a well-known result concerning the
Gateaux-differentiability of convex functions in finite dimension (see [11, The-
orem 6.1.1]). Note that this result applies even if E is not a normed space like
the Fréchet space (RY, dgn) of all real sequences, equipped with the distance:
for all z = (x,,) and y = (yn),

+oo

27w —yi
e () = 3 2= il

S =il

Corollary 4. Let E be a Hausdorff locally convex topological vector space
equipped with a biorthogonal system (en,el), where (ey) is a topological basis.
Let f : E — R U {+o0} be a convexr function. Suppose that [ is finite
and upper semicontinuous at a € E and that f'(a;ey) exists for allm € N
with Of (a) # 0. Then, df(a) is a singleton. In consequence, if f is convex
and continuous at a, then f'(a;ey) exists for all n € N, if and only if f is

Gateauz-differentiable at a.

Proof. Suppose that f'(a;e,) exists for all n € N and let p, g € df(a). Then,
a is a minimum of the functions f —p and f —¢q. On the other hand, clearly E
is qualified at a and the functions f — p and f — ¢ are inf-finitely determined
on E with respect to a since they are upper semicontinuous at this point.
Thus, applying Theorem 3, once to f — p and again to f — ¢, we obtain that
(p,en) = f'(a,en) = {q,en), Yn € N. Tt follows that p = ¢ since p,q € E*
and (en)n>1 is a topological basis. Thus, 0f(a) is a singleton. If in addition
f is convex continuous at a then we know from [12, Proposition 10.c, p.60, ]
that 0f(a) # 0. It follows that df(a) is a singleton. To conclude, we know
from [12, Corollary 10.g, p. 66] that f is Gateaux-differentiable at a if and
only if 0f(a) is a singleton.

O

It is well know (see for instance [14, Examples 1.4]) that the norm of I}(N),
[zl = >, 50 |7n| is Gateaux-differentiable at x = (x,,) if and only if z,, # 0
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for all n € N. This fact is a particular case of a more general result given
in the following proposition, which is a consequence of Corollary 4. Indeed,
it suffices to take w,(t) = |t| for all ¢ € R and all n € N in the following
proposition, to see more simply why, the norm ||.||; is Gateaux-differentiable
at © = (x,) if and only if x,, # 0 for all n € N.

Proposition 3. Let (E, ||.||) be a Banach space having a Schauder basis (ey,)
and let (en,€ef) be a biorthogonal system. For each n € N, let u, : R — R
be a conver continuous function. Suppose that the series Z:g un({ef, )
converges pointwise to a real valued continuous function f. Then,

(i) f is Gateauz-differentiable at x € E, if and only if, for all n € N the
function u, is differentiable at (e}, x). In this case, we have that for allh € E,

—+oo
Df)(h) = 3 len byl (e} ),
n=1
where Df(x) denotes the Gdteaua-derivative of f at x.
(i) the set of points at which [ is not Gdteauz-differentiable is a countable
union of affine hyperplanes.

Proof. (i) It is clear that for each n € N, we have that f'(x,e,) exists if and
only if u,, is differentiable at (e}, ), in this case f'(x,e,) = u/,((eX,x)). Thus,
we conclude using Corollary 4.

(%) Tt is well known that a convex continuous function from R to R is dif-
ferentiable at all but (at most) countably many points of R (see [14, Theorem
1.16.]). Thus, for each n € N, the set

Cy :={t € R: u (t) does not exists },

is at most a countable subset of R. Using part (i), we clearly see that f is not
Gateaux-differentiable at = € F if and only if x € Upen Uiee,, ()7 1({t}).
Finally, it is clear that (ef)~1({t}) is an affine hyperplane for each n € N and
each t € C,. O

4. APPLICATION TO THE KARUSH-KUHN-TUCKER THEOREM

We follow the notation given in [3]. Let E be a real linear space and
f:+ E — RU{+o0} be a given function. Consider the minimizing problem
for the function f on a subset Ap C F, that is, the problem

(P) min{f(z):xz € Ag}.
The set Ap constitutes the constraints of Problem (P). We say that an
element T € F is feasible if z € AgNdom(f). The mathematical programming
problem (P) is said to be consistent if Ag N dom(f) # 0, that is, if it has
feasible elements. A feasible element x is called an optimal solution of (P) if

fzo) =inf{f(x) : z € Ag}.
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The subset Ag is often defined by the solutions of a finite number of inequal-
ities as in
A :={x € E:g;(x) <0,Vi=1,..,m},
where g; are extended real-valued functions on E. Let us set
Ep := dom(f) N~ dom(g;).
We call Slater’s constraint qualification, the following condition:

(S) There exists a point Z € Ag such that ¢;(z) <0, Vi = 1,2, ..

'7

In the following corollary, we give a Karush-Kuhn-Tucker theorem in in-
finite dimension, where Gateaux-differentiability is replaced by the weaker
condition of differentiability in the directions of (ey,).

Corollary 5. Let E be a topological vector space equipped with a biorthogonal
system (en,€l) (not necessarily a topological basis). Let f,g1,...,9m : E —
R U {400} be convex functions. Suppose that Eq is qualified at xg € Ap and
that f,g1,...,gm are finitely determined functions on Egy with respect to xg
and differentiable at xo in the directions (ey). Then, we have (1) = (2). If
moreover, the Slater’s condition (S) is satisfied, then (1) < (2).

(1) There exists Xf >0 for all i € {1,...,m} such that
Ngi(zo) = 0,Vi € {1,2,....,m}

"(z0, en Jrz *gi(a,e,) =0, Vn € N*

(2) f(zo) = inf{f(),z € AE}'

Proof. (1) => (2). We apply Theorem 3 to the function f = f + Yo g
which is finitely determined on Ep with respect to o and differentiable at x¢
in the directions (e,) with f'(zg;e,) = 0 for all n € N*, to get that for all
z € Fy

Flwo) + ) Ngilwo) < fx)+ Z gix
i=1
Since, Afgi(xo) = 0 for all ¢ € {1,2,...,m} by hypo‘uhesls7 then for all z €
Ag N Ey, we obtain that

f(zo) < f(x)‘i‘z)\fgi(x)

< f(x) (Since Vz € Ag : A} > 0;¢;(x) <0).
Hence, f(xo) = inf{f(z),z € Ap N Eo} = inf{f(z),z € Agp}.
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(2) = (1). If moreover (S) is satisfied, then the implication (2) = (1)
follows easily from [3, Theorem 3.4]. O

5. EXAMPLES

As proved in Example 1, in infinite dimention, the fact that a convex
continuous function f is differentiable at @ in the directions (e, ),>1 does not
imply that f is Gateaux-differentiable at a. We give simple examples showing
how Theorem 3 can be applied by using only differentiability in the directions
(en)n>1-

Ezample 2. Let f : (I°°(N),]|.]lcc) — R be the convex continuous function
defined by
+oo
T
=i n mad - = )
P =mopleal + 3 5

where, 0 < 8 < 1 is a fixed real number. We prove that the problem
inf,cjoe vy f() has a unique solution, that is a = (%)nzl-

Proof. The qualification condition is trivial at each point. On the other hand,
we have that f'(z;e,) = p'(z;en) + 8" (22, — 1) = " (2z, — 1) for all n € N*
(where p(xz) = limsup |z,|, see Example 1). It follows that f'(z;e,) = 0

if and only if = (5). In this case p((35)) = 0 and so p is inf-finitely

2n
determined with respect to this point (see Example 1). On the other hand,
T fi(x) =302 B (a2 — Zn) is finitely determined on I°°(N) with respect

to (35). Indeed, let a,z € I°°(N), we have

+o00
[fila+ PP —a) — i) = | Y B'lan— ) (2 = =)l

a
n n
n=k+1

—+o0
< Cc o
n=k+1
where C' is a positive real number depending only on a and x. Thus, f; is
finitely determined on {*°(N) with respect to each a, and so f is inf-finitely de-
termined with respect to (%) Then, we can apply Theorem 3. Hence the se-

€

quence a = (55) is the unique optimal solution of the problem inf ¢ iy f(2).

2n
Note that f is not Gateaux-differentiable at (5-) since p((zy)) = limsup |2,,|
is nowhere Géateaux-differentiable (see Example 1). O

Ezample 3. Let E = RY and X := [}(N) N (R)YN (convex subset) and let
f: X — R be the convex function defined by

+oo +oo .
f((zn)n) = an - Z 26" x5
n=0 n=0
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(where 0 < 8 < 1 is a fixed real number). The problem is to minimize f on
X. A solution of this problem is a = (8*") € X.

Proof. The function f is differentiable in the directions (e,)n>1 at each z =
(z,) € X such that z,, > 0 for all n € N and we have f/(z;e,) = 1 — 2

(zn)z

for all n € N. Now, suppose that f/(z;e,) = 0 for all n € N. Then, we have
x, = 2" for all n € N. Clearly, the point a = (3?") belongs to X. To show
that a is an optimal solution of the problem of minimization, it suffices to
prove that X is qualified at (5%") and that f is inf-finitely determined on X
with respect to (8?"). In fact, X is qualified at each point (z,) such that
2, > 0 for all n € N (easy to see) and f is finitely determined on X with
respect to each point = of X. Indeed, let x,a € X, then

fla+Pa—a)—f@) = 3 (an—wa)— > 26"((an)} —ad).
n=k+1 n=k+1

It follows that limg_ o f(a+ P¥(x —a)) = f(z) since a —x € I}(N). Hence,
f is finitely determined on X with respect each point x of X in particular
with respect the point a = (3%"). O
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