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DISCRETE TIME PONTRYAGIN PRINCIPLES IN BANACH
SPACES

MOHAMMED BACHIR AND JOEL BLOT

ABSTRACT. The aim of this paper is to establish Pontryagin’s principles in a
dicrete-time infinite-horizon setting when the state variables and the control
variables belong to infinite dimensional Banach spaces. In comparison with
previous results on this question, we delete conditions of finiteness of codi-
mension of subspaces. To realize this aim, the main idea is the introduction
of new recursive assumptions and useful consequences of the Baire category
theorem and of the Banach isomorphism theorem.

Key Words: Pontryagin principle, discrete time, infinite horizon, difference equa-
tion, Banach spaces.
M.S.C. 2000: 49J21, 65K05, 39A99.

1. INTRODUCTION

The considered infinite-horizon Optimal Control problems are governed by the
following discrete-time controlled dynamical system.
Tip1 = ft(xt,ut), teN (11)

where z; € Xy C X, u € Uy CU and f; : Xy x Uy — X;41. Here X and U are real
Banach spaces; X; is a nonempty open subset of X and Uy is a nonempty subset of
U. As usual, the z; are called the state variables and the u; are called the control
variables.

From an initial state 0 € Xy, we denote by Adm(c) the set of the processes

((ze)ten, (ut)ien) € (HteN X;) x (HteN U;) which satisfy (1)) for all ¢ € N. The
elements of Adm(o) are called the admissible processes.

For all t € N, we consider the function ¢; : X; X Uy — R to define the crite-
ria.We denote by Dom/(J) the set of the ((z¢)ten, (ut)ten) € ([Ten Xt) X ([1,en Ut)

such that the series ;"% ¢y (4, 1) is convergent in R. We define the nonlinear
functional J : Dom(J) — R by setting

+oo
J((zt)ten, (ut)ten) = Z¢t($t, ut). (1.2)
t=0

Now we can give the list of the considered problems of Optimal Control.

(P1(0)): Find ((&¢)ten, (U )ten) € Dom(J)NAdm(c) such that J((&¢)een, (@t)ten) =
J((x4)ten, (ut)ren) for all ((z¢)ien, (ut)ten) € Dom(J) N Adm(o).

(P2(0)): Find ((Z¢)ien, (41)ien) € Adm(o) such that
i supy,_, 4 oo S0 (64 (&e, 1) — G4, 1)) > 0 for all ((z¢)sen, (w)ien) € Adm(o).

Date: May 15th 2017.



2 BACHIR AND BLOT

(P3(0)): Find ((£¢)¢en, (Gt)ten) € Amd(o) such that
lim infp, 4 oo ZLO(@(@,{H) — ¢z, uy)) > 0 for all ((x;)ien, (ur)ien) € Adm(o).

These problems are classical in mathematical macroeconomic theory; cf. [I0],
[6], [13], [11] and references therein, and also in sustainable development theory,
[8].

We study the necessary optimality conditions for these problems in the form
of Pontryagin principles. Among the different ways to treat such a question, we
choose the method of the reduction to the finite horizon. This method comes from
[5] in the discrete-time framework. Notice that this viewpoint was previously used
by Halkin ([7], Theorem 2.3, p. 20) in the continuous-time framework.

There exist several works on this method when X and U are finite dimensional, cf.
[6]. In the present paper we treat the case where X and U are infinite dimensional
Banach spaces. With respect to two previous papers on this question, [2] and [3],
the main novelty is to avoid the use of assumptions of finiteness of the codimension
of certain vector subspaces. To realize this we introduce new recursive assumptions
on the partial differentials of the f; of (II). We speak of recursive assumptions
since they contain two successive dates t — 1 and t.

To make more easy the reading of the paper we describe the schedule of the
proof of the main theorem (Theorem 2] below) .
First step: the method of the reduction to finite horizon associates to the considered
problems in infinite horizon the same sequence of finite-horizon problems which is
indexed by h € N, h > 2.
Second step: the providing of conditions to ensure that we can use Multiplier Rules
(in Banach spaces) on the finite-horizon problems. Hence we obtain, for each h € N,
h > 2, anonzero list (A}, pf, ..., pll ;1) € Rx (X*)"1 where A} is a multiplier associ-
ated to the criterion and (p¥, ..., p} +1) are multipliers associated to the (truncated)
dynamical system which is transformed into a list of constraints.
Third step: the building of an increasing function ¢ : N — N such that the subse-

quences (Ag(h))h and (pfﬁ))h respectively converge to A\g and py41 for each t € Ny,
with (Ao, (pt4+1)t) nonzero. The Banach-Alaoglu theorem permits us to obtain weak-
star convergent subsequences of (A}), and (p}';) for each ¢ € N, and a diagonal
process of Cantor permits us to obtain the same function ¢ for all ¢t € N. The main
difficulty is to avoid that (Ao, (pr+1)¢) is equal to zero. Such a difficulty is due to the
infinite dimension where the weak-star closure of a sphere centered at zero contains
zero. To overcome this difficulty, using the Baire category theorem, we establish
that a weak-star convergence implies a norm convergence on a well chosen Banach
subspace of the dual space of the state space.

Now we describe the contents of the paper. In Section 2 we present our assump-
tions and we give the statement of the main theorem on the Pontryagin principle.
In Section 3 we recall a characterization of the closedness of the image of a linear
continuous operator, a consequence of the Baire category theorem on the weak-star
convergence, and we provide a diagonal process of Cantor for the weak-star conver-
gence. In Section 4 we describe the reduction to the finite horizon and we establish
consequence of our recursive assumptions on the surjectivity and on the closedness
of the range of the differentials of the constraints in the finite-horizon problems. In
Section 5 we give the complete proof of our main theorem.
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2. THE MAIN RESULT
First we present a list of hypotheses.
(H1): X and U are separable Banach spaces.

(H2): For all ¢t € N, X; is a nonempty open subset of X and U; is a nonempty
convex subset of U.

When ((£4)¢en, (4it)ten) is a given admissible process of one of the problems ((P;(0))),
i € {1,2,3}, we consider the following conditions.

(H3): For all t € N, ¢, is Fréchet differentiable at (I, 4;) and f; is continuously
Fréchet differentiable at (Z¢, ;).

(H4): Forallt e N, t > 2,
Dy fi(&¢,t) © Dafi—1(Ze—1,%e—1)(U) + Do fe(@s, u)(Tv, (4r)) = X.

(H5): D1 fi1(&1, 1) o Do fo(o, o) (Tu, (0)) + Do fi(21,41)(Ty, (11)) = X.
(H6): ri(Ty,(t)) # 0 and ri(Ty, (41)) # 0.

In (H3), since U; is not necessarily a neighborhood of 4, the meaning of this
condition is that there exists an open neighborhood V; of (&,4:) in X x U and
a Fréchet differentiable function (respectively continuously Fréchet differentiable
mapping) (;NSt : Vi = R (respectively ft : Vi — X)) such that qzt and ¢; (respectively
ft and f;) coincide on Vi N (X; x Uy). Moreover Dy and Dy denotes the partial
Fréchet differentials with respect to the first (vector) variable and with respect to
the second (vector) variable respectively. About (H4), (H5) and (H6), when A is a
convex subset of U, @ € A, the set T4(@) is the closure of Ry (A — @); it is called
the tangent cone of A at 4 as it is usually defined in Convex Analysis, [1] p. 166.
About (H6), if aff (Ty, (@:)) denotes the affine hull of Ty, (i), ri(Ty, (i) denotes
the (relative) interior of Ty, () in aff(Ty,(d:)). Such definition of the relative
interior of a convex is given in [12], p. 14-15, where it is denoted by rint.

Now we state the main result of the paper.

Theorem 2.1. Let ((&¢)en, (Gt)ten) be an optimal process for one of the problems
(Pi(0)), i € {1,2,3}. Under (H1-HG6), there exist \g € R and (piy1)ien € (X*)N
which satisfy the following conditions.

(1) (Ao, p1,p2) # (0,0,0).

(2) Ao >0.

(3) pr = prs1 © Dy fe(e, ) + NoD1e(dr, @), for all t €N, t > 1.

(4) (MoDa2d(Z4,71) + pro1 © Dafe(Z, Ug), ue — ) < 0, for all uy € Uy, for all

t € N.

In comparison with Theorem 2.2 in [3], in this theorem we have deleted the
condition of finiteness of codimension which are present in assumptions (A5) and
(A6) in [3]. Tt is why this theorem is an improvment of the result of [3].

3. FUNCTIONAL ANALYTIC RESULTS

In this section, first we recall an characterization of the closedness of the image
of a linear continuous operator. Secondly we state a result which is a consequence
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of the Baire category theorem. After we give a version of the diagonal process of
Cantor for the weak-star convergence.

Proposition 3.1. Let E and F be Banach spaces, and L € £(E, F) (the space of
the linear continuous mappings). The two following assertions are equivalent.

(i) ImL is closed in F.
(ii) There exists c € (0,+00) s.t. for ally € ImL, there exists x, € E verifying
Lz, =y and [[y]| = cllzy].

This result is proven in [2] (Lemma 3.4) and in [4] (Lemma 2.1).

Proposition 3.2. Let Y be a real Banach space; Y* is its topological dual space.
Let (mh)nen € (Y*)N and (pn)nen € (Ry)YN. Let K be a nonempty closed convex
subset of Y such that ri(K) # 0. Let a € K and we set S := aff(K) — a which is a
Banach subspace. We assume that the following conditions are fulfilled.

(1) prn — 0 when h — +o0.

(2) m %50 (weak-star convergence) when h — +00.
(3) For ally € K, there exists ¢, € R such that m,(y) < cypp for all h € N.

Then we have |7y s« — 0 when h — +oo.

This result is established in [3] (Proposition 3.5) where several consequences
and generalizations are provided. In the following result, when ¢t € N, we set
[t,+00)y = [t,+00) NN and N, := [1, +00)y.

Proposition 3.3. Let Y be a real Banach space; Y™ is its topological dual space.
For every (t,h) € N x N, such that t < h we consider an element ©}',; € Y*. We
assume that, for everyt € N, the sequence (wf+1)h€[t7+oo)N 15 bounded in Y*. Then
there exists an increasing function B : N — Ny such that, for allt € N, there exists
Tir1 € Y™ verifying wf_ﬁ}f) N Tir1 when h — +00.

Proof. Using the Banach-Alaoglu theorem, since (77) hel0,400)y 18 bounded in Y*,
there exists an increasing function a; : [0, +00)y — [0, +00)y and 71 € Y* such that

w?l(h) Y 7 when h — +oc. Using the same argument, since (wgl(h))he[l7+w)N

is bounded, there exists an increasing function ay : [1,+00)y — [1,+00)y and

To € Y™ such that wglm2(h) % 7y when h — +o0. Iterating the reasoning, for

every t € N,, there exist an increasing function «y : [t,+o0)y — [¢, +00)y and

ajo...oai(h)

Ti+1 € Y such that m, [ w—; Tt+1 when h — 4+o00. We define the function
B :]0,400)y — [0,400)N by setting B(h) := a1 o...0 ap(h). we arbitrarily fix
t € N, and we define the function d; : [t, +00)y — [t, +00)N by setting 6,(¢) := ¢t and
5¢(h) :== ayy10...0ap(h) when h > t. When h = t, we have §;(t+1) = ayy1(t+1) >
t+1>t=0(t). When h € [t + 1, 400)n, we have ayy1(h +1) > h+ 1 > h which
implies

0i(h+1) = (g1 0...oap)(ar1(h+ 1)) > (g1 0 ... oap)(h) = 6, (h)

since (a¢410...0ap) is increasing. Hence we have proven that d; is increasing. Since
h .
Bl tooyy = (@1 0...00a¢) 00, we can say that (Wf_ﬁl))he[tﬂLOO) is a subsequence of

(wfifmoat(h))he[t,-i-oo)N, we obtain ngfi)

N

% Tp1 when h — +oo. O
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4. REDUCTION TO THE FINITE HORIZON

When ((Z¢)ten, (Gt)ten) is an optimal process for one of the problems (P;(0)),
i € {1,2,3}. The method of the rediction to finite horizon consists on considering
of the sequence of the following finite-horizon problems.

Maximize Jp(21, ..., Th, U, ..., Up) = Z?:o Or (T, ut)
(Fa(o)) when  (2)1<i<n € [Tj—y Xe, (u)osi<n € [Ti—o Us
VYt € {O, ey h}, Ti41 = ft(xt,ut)
To = 0,Thi1 = Tt

The proof of the following lemma is given in [5].
Lemma 4.1. When ((Z¢)ten, (4t)ten) i an optimal process for one of the problems

(Pi(0)), i € {1,2,3}, then, for all h € N, (&1,...,Zp, G0, ..., Up) 18 an optimal
solution of (Fr(0)).

Notice that this result does not need any special assumption. Now we introduce
notation to work on these problems. We write x" := (21, ..., x5,) € Hle X, ul =
(ug, ..., up) € H?:o U;. For all h € N, and for all ¢ € N, we introduce the mapping
gl (H?:1 X;) % (H?:o U;) = Xi41 by setting

—I +fo(U,UQ) if t=0
gh(x" uh)y =<~y + filw,u)  if te {1, h—1} (4.1)
—ZTp41 + fh(Ih; uh).

We introduce the mapping g" : (H?:1 Xy) X (H?:o U;) — X1 defined by
g"(x" ") = (g5 (%", u), o g (x, u). (4.2)

Under (H3), g" is of class C'. We introduce the following conditions on the differ-
entials of the f;.

YVt € N, ImD fi(Z,7:) is closed in X. (4.3)

Vt € Ny, Im(D1 f(Z4,Ut) © Dafe—1(&4—1,Us—1)) + ImDs fo(&¢,4r) = ImD fi (&4, Uy).
(4.4)

Ve N,t > 2, ImDf(dr, ) = X. (4.5)

Im(Dy f1(&1,01) o Dy fo(o,t0)) + ImDs f1(21,11) = X. (4.6)

Lemma 4.2. We assume that (H3) is fulfilled.

(1) Under {{-3) and {Z-4), ImDg"(x",u") is closed.

(ii) Under {.3) and ({-6), Dg"(x",u") is surjective.
Proof. (i) To abridge the writing we set th := D fi(Z4, 4y) and Dl-ft = D, fe(Z4, Uy)
when i € {1,2}. The condition (H3) implies that g” is Fréchet differentiable at
(x", uh).
We arbitrarily fix z" = (20, ..., z) € ImDg"(x",u"). Therefore there exists y"° =
(19, ...,y9) € X" and v0 = (v],...,0)) € U"*! such that
zl = DgT'(x",u")(y"°,v"?) which is equivalent to the set of the three following
equations

— y(1) + Dgfo(O', ’llo)’Ug =20 (47)
vt e {l,...,h—1}, —y?+1 + lety,? + Dgft’l)? =z
D1 fryh + D2 frvf = z.
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We introduce the linear continuous operator Lo € £(X x U, X) by setting

Lo(y1,v0) = —y1 + D2 fovo. (4.10)
Notice that Lo is surjective since Lo(X x {0}) = X; therefore ImLg is closed in X.
From () we have zy € ImLg. Using Proposition Bl on Ly we know that

{ Jag € (0,+00),Vzo € X,Ty; € X,Fvi € U s.t. Lo(yi,vs) = 2o
and  max{l|y7|, [[v]} < ao - [|zol|

i.e. we have proven

Jag € (0,+00),3y; € X,Tvg € U s.t.
—yi + Dafovg = zo and max{]lyi], [[v5]l} < ao - |20l

It is important to notice that ag does not depend on zj.
We introduce the linear continuous operator L, € £(X x U, X) by setting
Li(y2,v1) == —y2 + Dafrvy.
Since L1(X x {0}) = X, L; is surjective and hence z; — lelyf € ImL,. Using
Proposition 3.1l on L;, we obtain
by € (0,+00),Jy; € :X, Jv; €U s.t.
Li(y5,v7) =21 — D1fiy] and
max{|[y3 [, [[v7]|} < b1 - |22 — Difryill-
Using ([@IT]) we deduce from the last inequality

max{[|yz |, o1} < b1 - (lzall + [Dofall - lwill) < 01 - ([[zall + [[Dofill - ao - [|20l])
< by (1+ao- [ Dyfir]]) - max{]|zol, [[21]]}-
We set a1 := max{ag, b1 - (1+ag - || D1f1]])}, and then we have proven the following
assertion.
30’1 S (0,+oo),3(y’f,y§‘,v3,vf) € X2 X U2 s.t.
=y + Dafovg = 20, —¥y5 + D1f1yi + Dafiv] = z1, (4.12)
max{[yi]], 13, [[o5]], lv7 ]} < ax - max{]|zo[, [|z1]}-

It is important to notice that a; does not depend on zg, z;. We iterate the reasoning
until h — 2 and we obtain

dap_o € (OA, +OO), E(y:)lgtgh—l S Xh_l, H(U:)Ogtgh—? S Uh_lAS.t.
—yi + Dafov = 20, Vt€{1,...;h =2}, —t; 1 + D1 fry; + Dafivy = z
max{maxi<i<p—1 [|y; ||, maxo<i<n—2 [[vf]|} < an—2 maxo<i<n—2 [[2]|-
(4.13)
From (@) we know that z, € ImD fj,. Moreover we have

D1 fnzn_1 C ImDfy, and Dy fy 0 Dy fr_1yi_, € ImDyf, C ImDfy,
and therefore we have
zh + Difn12n-1— Difno Difu_1y;_, € ImDfy,. (4.14)
Introduce the linear continuous operator A € £(U x U, X) by setting
Alv,w) := leh o Dgfh,lv + Dthw. (4.15)
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Under assumptions @4) and @) we have ImA = ImDf;, and ImA is closed in
X. After (£14), using Proposition BIlon A we obtain

Je € (0, +00), I(vj;_y,v;) €U x U, sit.

A(i_y,v;) = zn + D1 fuzn-1 — Difn o Difro1y;_,

ie.

D1 fy o D2fh Wy _q + szhvh =

zh + Dy fnzn_1— Difno Dyfu 1,1 and A A

max{||v;_y ||, [[vi ]|} < ¢+ [z + Difaza—1 — D1 fa o Difaryis_y |l
From this last inequality, using ([@I3)), we obtain

maX{th > lopll}
c- (lzall + 1 D1 full - 121l + [1D1fn 0 Difaal - lls-all)
SC (1zall + 1 D1 full - 1201l + (1D fn © D1 frm| - an—s - maxi<i<n—a ||2¢])
<c-(L+|Difall + an—z - | D1fa o D1 frall) - maxi<e< | 2])-
We set ¢; == ¢+ (1+ || Dyifull + an—z - ||D1fn o Difn_1]|) € (0,400). Then we have
proven the following assertion.

Jer € (0, +00), mac{ oy | o7} < 1+ max ] (4.17)

(4.16)

We set R .
Y = Dafn_1vh_1 + D1fn-1Yp_1 — 2n—1. (4.18)
This equality implies
— 4 + D1furyis 1 + Dafn-1vi_1 = 201 (4.19)
which is the penultimate wanted equation.
Notice that we have [|yi|| < [ Dafu—1l - [[v_1 | + IDvfa-1]l - 51|l + lIza-1], and
using ([@.IT) and (£I8) we obtain
lyill < [1Dafnall - er - maxicicn |||
D1 fa-1ll - an—2 - maxice<n—a ||zl + [lzn-1ll
(c1- | D2fn-1ll + an—2 - | D1fr-1l + 1) - maxi<i<p [|2]|-

IN

We set ¢p :=cy - ||D2fh,1|| +ap_o - ||D1fAh71|| + 1, and so we have proven

< . . .
Ser € (0,+0), il < 2 a1 (4.20)
We set ap, := max{an—3,c1,c2}, and from @I3), (AI17) and (Z20) we have proven
3 0 ; Y <ap - . 4.21
an € (0, o), max{ mas. 7, s, 071} < an - a1z (420

Now we show that the last equation is satisfied by y; and v;. Using (@IR) and

([#16), we obtain

Di fhy;, + D2 fuvy, ) )

—leT(szh 1041 + Difn1yp 1 — 2 1)+D2fhvh
(lehO(D2fh 10} _ 1+D2fhvh)+D1fh0D1fh Wiy — Difazna

(2n + Difuzh—1 — Difu o Difn1yi_y) + Difn o Difnryi_ — Difrzn—s
= Zh-

We have proven that
D1 fryn + Dafnvy, = 2. (4.22)
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From (£13), @I9), (£21) and @22) we have proven the following assertion
Jday € (07 +OO)7V(Zt)OSt§h € Ingh(ihu ﬁh)7
3(9:)192@ S Xh, H(U:)Ogtgh S Uh-i_l7 s.t. . .
_yi—i_ DQfO’USA: 20, vVt € {17 ceey h— 1}7 —Yt+1 + lety;: + ‘l)Q.ft’U;F = Zt,
D1 fryf, + Do frvy = zp, and
max{maxi<i<n [|y; ||, maxo<e<n [[vf ||} < an - maxi<i<p |2
This last assertion is equivalent to the following one
day, € (0, —I—OO),VZh = (Zt)Ogtgh € Ingh(fch,ﬁh),
Hyh’* = (y?)lgtgh S Xh, Jvh* = (U?)ogtgh S Uh+1, s.t.
Dg"(x", a")(y"v"*) = 2" and [(y™* v**)|| < an - 2"

Now using Proposition Bl on the operator Dg"(%",@"), the previous assertion
permits us to assert that ImDg" (X", 0") is closed in X"*1, and the proof of (i) is
complete.
(ii) We arbitrarily fix z" = (21, ..., z,) € X". Since D), is surjective, there exists
y# € X and v# € U such that th(y#,v#) = zp. Since D fj,_1 is surjective, there
exists y7 , € X and vf* | € U such that Dfy,_1(y] ,,v]" ) = zn_1 + v . We
iterate this bachward reasoning until ¢ = 2 to obtain
Vi €{2,...h}, 3y o) € X x U st Dfulyi,vf) = zn } (4.23)
and Vt € 2,...h—1,—y] + Dfi(yl o) = 2. '

Now we introduce the linear continuous operator M € £(U x U, X) by setting
M (vg,,v1);= D1f1 0 Dafovg + Dafiv1. From ([@6) we have ImM = X i.e. M is
surjective. Therefore we obtain

E'(’U#,’U:l#) eU x U s.t. lel o Dgfov# + DQflAll}IéE =2z + y2# + lelzo. (424)
We set, yfﬁ = Dgfové‘yE — zo. Hence we obtain
— ¥ + Dyfovl = 2. (4.25)
Using (@.24) and (£.23]), we calculate
—yf + lely?f + D2Jf1Ui‘;é = —yzé +Difi (122]?0?1?é —20) + D2f?1Ui‘;E
=—yf +(D1fro Dzﬁwf{E + D2flvfi) — D1 f1z0
= —y¥ + (21 +v¥ + D1 fiz0) — D1 fizo = 21.
We have proven
— vy + Difryf + Dafiof =21 (4.26)
From (£.23), [@25]) and [@26]) we have proven
V(ze)o<e<n € XM 37 N1<e<n € XM, 3(0] Jo<ean € UM st
—yi + Dafovll =20Vt €{1,...h =1} —yfi, + Dy vf) = 2 (4.27)
and th(y#,v#) = 2.
This assertion is equivalent to
vz € X' yh# e Xh Ivh# e UM st Dot (x", u )y Vi) = 2"

which means that Dg"(x", u") is surjective. O
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Lemma 4.3. Let (&4)en, (Gt)ten) be an optimal solution of one of the problems

(Pi(o)), i € {1,2,3}. Under (H1), (H2), (H3), {{-3) and {{4), for all h € N,,
there exists A} € R and (p}',1)o<t<n € (X*)"*1 such that the following assertions
hold.

(a) A
(b) A
(c) pff = pt+1 o let(l’t, ) + Ny D1y (24, 0) for all t € N,.
(d) <)\OD2¢t(:1:t,ut) —|—pt+1 o Do f(Zy,Ut),ur — ) <0 for all t € {0,...,h},
for all uy € Uy.
Moreover, for all h > 2, if in addition we assume (H4), (H5) and (H6) fulfilled, the
following assertions hold.
(e) For all t € {1 wh 4+ 1}, there exists ar,by € Ry such that, for all s €
{1 B, B2 < o + balp -
(f) For allt € {1,....h}, (\},pl) # (0,0).
(g) For all t € {1 wh}, for all z € Ay = Dafi_1(&i-1,0-1)Tu,_, (G4—1)),
there exists ¢, € R such that pl(z) < c,\b for all h > t.

Proof. Let h € N,. Usmg Lemma[41] (1) and [@.2), we know that (%", &") (where

= (2h, .. 2l) and @ = (u},...,ul)), is an optimal solution of the following

maximization problem,

nd (pt+1)0<t<h are not simultaneously equal to zero.

30?0?
|\/

Maximize J,(x", u")
")

when — (x",u") € (T2 X0) x (TTizo U,
gh(xh u") = 0.

From (H3) we know that .J;, is Fréchet differentiable at (%", @") and g" is Fréchet
continuously differentiable at (%", @"). From (@3], (@4) and Lemma A2 we know
that ImDg" (%", @") is closed in X"**!. Now using the multiplier rule which is given
n [9) (Theorem 3.5 p. 106-111 and Theorem 5.6 p. 118) and explicitely written in
[3] (Theorem 4.4), and proceeding as in the proof of Lemma 4.5 of [3], we obtain
the assertions (a), (b), (c), (d).

The proof of assertions (e), (f), (g) is given by Lemma 4.7 of [3]. The proof of
this Lemma 4.7 uses the condition 0 € Int[D f(&,4:)(X x Ty, (4:)) N Bx xv] where
Bx «y is the closed unit ball of X x U. It suffices to notice that our assumption
(H4) implies this condition. O

Remark 4.4. In Lemma 4.5 of [3] the finiteness of the codimension of ImDa f (&4, G4)

is useful to ensure the closedness of ImDg"(X",4"). Here we can avoid this as-

sumption of finiteness thanks the recursive assumptions.
The following proposition is used in the proof of the main result.

Proposition 4.5. Let (Zt)ien, (Ut)ien) be an optimal solution of one of the prob-
lems (P;(0)), i € {1,2,3}. Under (H1-HG6) we introduce
ZO = DQfo(O', ﬁO)(TUo (ﬁo)) and Zl = DQfl(JA?h ﬁl)(TUl (’[Ll))
Then, for all h € N, h > 2, there exist A} € R and (p}',)o<t<n € (X*)"*1 such
that the following assertions hold.
(1) Ar>o0.
(2) pi = p?ﬂ o D1 fi(&¢,4t) + Ay D16 (24, 1t) for all t € N,.
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(3) (A\EDagy (24, ) +p?+1 0 Do fi(@4,G),ur — Ug) <0 for all t € {0, ..., h},
for all uy € Uy.

(4) For all t € {1,...,h + 1}, there exists az, by € Ry such that, for all s €
{1, 1}, (2l <@g+ bellp2]]-

(5) ()‘gupfll|zovp}21\zl) 7& (07070)'

(6) For all zg € Zy, for all z1 € Z1, there exists ¢4, », € R such that,
for all h > 2, p(z0) + ph(21) < 2. AL

(7) For all v € X there exists (z0,21) € Zo X Z1 such that
p%(v) = p]f(zo) +p]21(21) — /\8D1¢1 (J/}l, ﬁl)(ZO) fO’I’ all h Z 2.

Proof. Proof of (1-4) Note that conditions ({3]) and (@3] are consequences of (H4).

We use A} and (pl',;)o<¢<; which are provided by Lemma Hence conclusions
(1), (2) and (3) are given by Lemma The conclusion (4) is the conclusion (e)
of Lemma

Proof of (5) From the conclusion (f) of Lemma 3, we know that (A2, p#) # (0,0).

We want to prove that [(AZ,p?) # (0,0)] implies (5). To do that we proceed by
contraposition; we assume that [\} = O,p}f‘ZO = O,pg‘zl = 0] and we want to
prove that [A\} = 0,p? = 0]. Since A} = 0, using the conclusion (2) we obtain
ph = ph o Dy f1(&1,41) which implies

Pl 0 Da fo(a, ti0)(Tu, (o)) = ph © D1 fi(d1,11) © Dafo(o, o) (T, (fio)),

and since pY|,, = 0, we obtain p o D fi(#1, 1) o Dafo(o,10)(Tv, (i) = 0, and
since p’ngl = 0, using (H5), we obtain p4 = 0 (on X all over). Hence pl =
ph o Dy f1(21, 1) = 0. The proof of (5) is complete.

Proof of (6) Let zo € Zy , z1 € Z;. Using conclusion (g) of Lemma 3] we obtain
that there exists ¢J € R such that p}(z0) < I A} for all ~ > 1, and that there

Z0

exists ¢. € R such that pj(z1) < ¢l A} for all h > 2. Setting c., ., == +cl we

obtain the announced conclusiog. '
Proof of (7) From (H5), for all v € X, there exists (o € Ty, (lo) and {3 € Ty, (41)

such that
v = D1 fi(&1,11) o D2 fo(0,0)(Co) + D2 f1(&1,41)(Cr)-
We set zg := Dafo(o,40)(C0) € Zo and 21 := D f1(&1,11)(¢1) € Z1, hence we have
v = D1 f1(Z1,01)(20) + 21- (4.28)
From conclusion (2) we deduce
Pl o Dafolo, i) = py o D1 fi(d1,11) © D2 fo(0, tig) + AgD1¢1 (&1, 1) 0 Dafo(o, o).
Applying this last equation to (y we obtain
pi(20) = P © D1 fi(#1,81)(20) + Ag D161 (21, 01) (20)-
Adding p%(z1) to this equality we obtain
pi(20) + P3(21) = p5 © D1 fi(@1, @) (20) + P5(21) + AG D161 (&1, @) (20)-

Using ([@.28) we have pf(z9) + ph(21) = ph(v) + \2D1¢1(21,71)(20) which implies
the announced equality. (|
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5. PROOF OF THE MAIN THEOREM

Proposition provides sequences (A})p>2, (P> for all t € N,. We set
qt = ph o Dy fo(o, i) € U* and ¢& := ph o Dy f1(21,41) € U* for all h > 2. From
conclusion (5) of Proposition L8] we obtain

(A}(}?q?\TUO(ﬂO)?qg\TUl (@) # (0,0,0).

We introduce ¥ := aff (Ty, (o) x T, (1)) the closed affine hull of Ty, (@) x Tt (4i1)
which is a closed vector subspace since the tangent cones contain the origine. From
the previous relation we can assert that (Af, (¢}, ¢}))s) # (0,(0,0)). We introduce
the number
0" = Xg + |I(a), 3)lls- > 0,

Since the list of the multipliers of the problem in finite horizon is a cone, we can
replace )\g by Gih)\g and the p} by eihp,’} (without to change the writting), and so
we can assume that the following property holds.

Vh>2, Ay +(d} ¢) sz = 1. (5.1)

Using the Banach-Alaoglu theorem, we can assert that there exist an increasing
mapping ¢1 : [2,+00)y — [2,+00)N, Ao € R, (g1, ¢2) € X* such

(Agl(h)7 (Qfl(h)aq;;l(h))\z) 25 (o, (q1,42)) when h — +oo.

Now we want to establish that

(Ao, (41, 42)) # (0,(0,0)). (5.2)

To do that we proceed by contradiction; we assume that Ao = 0 and (g1, ¢2) = (0, 0).
From conclusion (6) of Proposition we deduce that, for all (o € Ty, (tp) and
for all ¢; € Ty, (i1), there exixts ce,c, € R such that ¢ ™ (¢o) + ¢ ™ (¢1) <
Co,Cr /\gl(h) for all h > 2. Hence we can use Proposition with Y = 3, K =

Ty, (o) x Ty, (41), S = X, pp = )\gl(h), and 7, = (qfl(h),qfl(h))‘g. Conse-

quently we obtain that limp_, 40 ||(qf1(h),qfl(h))‘2||z* = 0. Since we also have

limp, 400 /\gl(h) = 0, we obtain a contradiction with (5I)). Hence (5.2]) is proven.

From conclusion (7) of Proposition 5 we have, for all € X, there exists ((o,¢1) €
3 such that, for all h > 2,

p5 (@) = ('™, q;al(h))\z(Co, (1) = A D11 (1, 81) © Dafolo, 40)(Co)

(h)

which permits to say that there exists po € X* such that py* EN p2 when h —

+o00.
From conclusion (2) of Proposition[fH at ¢ = 1, we obtain that there exists p; € X*
such that p?*™ “ p; when h — +00, and from (5.2) we obtain

(A0, (p1,p2)) # (0,(0,0)). (5.3)

n>2 1s weak-star convergent on X, using the Banach-Steinhaus theo-

rem we can assert that the sequence (||pf1(h) | x+)r>2 is bounded. Since ()\gl(h))h22

is convergent in R, it is bounded, and from conclusion (4) of Proposition 5] we
deduce that the sequence (pfl(h))he[t7+oo)N is bounded for each ¢ € N,. Then

we can use Proposition to ensure the existence of an increasing function ¢ :

Since (p?*™)
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[2, +00)N — [2,4+00)n and a sequence (p;)ien, € (X*)N such that pf*°*?

BACHIR AND BLOT

() w—>* Y43

when h — +oo for all ¢ € N,,, and we have also Agloﬁ(h) — Ao when h — +o0.
Hence we have built all the multipliers. The properties of these multipliers are
obtained by taking limits from the properties of the A} and the pf!. Their non
triviality is proven by (53). Hence the proof of the main result is complete.
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11.
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