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ADAM SMITHON LOTTERIES:
AN INTERPRETATION AND FORMAL RESTATEMENT

December 2013 Laurie Bréban
André Lapidus”

Abstract

The few pages that Adam Smith devoted to lottenainly in theWealth of Nations
(1776) did not receive much attention. They norlegg constituted an opportunity to
introduce a sophisticated analysis of individuaktisien under risk. Through various
examples, Smith pointed out a risk-seeking attitdipired out in the paper in terms of
inverse stochastic dominance. However, it is wathkn that a contradiction occurs
between such an attitude and the principle of amasetric sensitivity to favorable and
unfavorable events, expressed by a concave fundttmoduced in théTheory of Moral
Sentimentg1759). We argue that an appropriate solutiorhts difficulty should rest on
Smith’s emphasis on a universal tendency to ovienast the chance of gain, which leads
to favor a rank-dependent utility approach withirhighh optimism toward risk can
compensate asymmetric sensibility order to produce some kind of risk-seeking. The
guestion raised by the coexistence of variousudtis toward risk illustrated by the figures
of the entrepreneur (typically, the “projector” atite “sober man”) gives rise to an
extensive analysis, which aims at explaining, orrahgrounds, how an initial attitude of
risk-seeking can generate prudence before beingftraned into risk-aversion.

Keywords Adam Smith, decision, risk, lotteries, stochastmminance, rank-dependent
utility, asymmetric sensitivity, prudence.

JEL classificationB12, B31, D01, D81.

1. INTRODUCTION

Adam Smith’s analysis of behavior under risk mightconsidered as a by-product of
a few pages in a section of a chapter from\Wwalth of Nationgsection 1 of chapter 10,
book 1), which aims at providing an explanationimtome differentials, “arising from the
nature of the employments themselveaN, p. 116}. The whole section of this chapter has

* LED, University Paris 8 Saint-Denis — 2 rue de laeih — 93526 Saint-Denis Cedex — France. E-mail:
laurie.breban@univ-parisl.fr

** PHARE University Paris 1 Panthéon-Sorbonne — 106-1dRldvard de I'Hbpital — 75647 Paris Cedex 13 —
France. E-mail: lapidus@univ-parisl.fr.

1 Adam Smith’s works are abbreviated as follows (mmplete references in the bibliographi)S = Theory
of Moral Sentiment3VN = Wealth of NationsLJ = Lectures on Jurisprudend@ and B respectively refer to
the manuscript from 1762-1763 and to the manusdefed 1766).
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given rise to reluctant or, on the contrary, to iotl@rate praise However, although Smith’s
emphasis on the part played by risk in the chofcioh or such employment was taken quite
seriously by his contemporaries (see Bentham’s centsnin hisDefence of Usug), it was
only considered as leading to a kind of argumenthvis the “hardest to follow” by modern
commentators like A. Rees (1975, p. 343), in otdeexplain wage differentials. D. Levy
(1999), who tried to draw the analytical dimensainSmith’s analysis through an expected
utility approach, constitutes a notable exception.

An outstanding specificity of these few pages &t tiney explicitly refer tdotteries which
Smith clearly understood in a broad sense, not aslgambles but, also, as various situations
of choice. From this point of view, Smith’s work ght be considered as a landmark in this
“classical probability theory” which L. Daston (1®8 considered a component of the
intellectual project of the Enlightment. As suclassical probability appears at the juncture of
two legacies. One of them inherits the seventeeeatitury mathematical calculus of chance;
but the second reaps the reward of a long reflekmming from medieval lawyers on the
degrees of proof, far remote from the calculus lohnze in gambles. Jacob Bernoulli's
posthumously publishedrs Conjectandi(1713), especially in part IV on moral, civil, and
economic affairs (see I. Hacking 1971), and Dawvidrid’s Treatise on Human Natur@&ume
1739-40) which discusses philosophical and unpbgbgal probabilities in book I, part IlI,
both illustrate the beginning of this traditionvimich Adam Smith occupies an eminent place.

The reason is that these pages fromWealth of Nationsare an opportunity for Smith to

introduce a sophisticated analysis of individuatisien under risk (82). Smith’s examples
illustrate a relationship between fairness, riskl alecision. He uses fairness in order to
compare the riskiness of lotteries, pointing oatt this usually leads to prefer the riskier ones.
Such an attractiveness of risk covers two diffeidetis, which intuitively correspond to a
preference given (i) to a lottery in which the maégrobabilities has moved from the middle
to the tails of the distribution (typically, thetiery of the law, when compared to that of the
shoemaker) or, more specifically, (ii) to a lottémywhich this mass of probability has moved
to the right tail from both the middle and the I&dtl of the distribution (the lottery of the

1 On the one hand, see J. Schumpeter: “This isitftedf thing in which A. Smith both delighted anxtcelled.
The lead had been given by Cantillon. But A. Smimt much more deeply into the matter, thus crgadim
important if not exactly exciting chapter of the@ieenth-century textbook.” (Schumpeter 1954, g8).2And,
on the other hand, see M. Blaug: “Until fairly retg, these pages in Smith and a few pages in Mdlish
Principlesexhausted the content of the history of economédyeis of choice among unsure prospects” (Blaug
1962, p. 47). A more qualified point of view can &een in contributions on risk which favor a hiktak
perspective. P.-C. Pradier, for instance, is cjeaware of the stake of Smith’s approach which camep fair
and unfair lotteries, but he considers that itfis@ consequence at a macroscopic level, andttisaso linked
to moral philosophy, that it will not be continuathong Smith’s followers (see Pradier 2006, pp. @8-3

2 gee, especially, J. Bentham, letter 13 to Adanttgiom March 1787, in SmitlGorrespondencep. 398.
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army, when compared to that of the sea). Theseaypeas of lotteries are interpreted hereafter
in terms of inverse stochastic dominance.

It is obvious that, in an expected utility framewothis would mean that the underlying
valuation function should be convex. But Smith’sifion concerning asymmetric sensitivity
to favorable and unfavorable events, mainly inTheory of Moral Sentimen{SMS p. 144)
leads to a concave function (L. Bréban 2012). Wi@r(83) that an appropriate solution to
this difficulty should rest on Smith’s emphasis @mniversal tendency to overestimate the
chance of gain and, correlatively, to underestintiaéechance of loss. This tendency can be
interpreted by means of a rank-dependent utilitgre@ch, in the line of what J. Quiggin
initiated in 1982, where a concave valuation funtif the intensity of preferences would be
no more inconsistent with a risk-seeking attitude.

At least, such a representation gives consistemdhd behaviour of what Smith called the
“projector”, one of the figures of the capitalishteepreneur described in th&ealth of
Nations But a Smithian theory of decision under risk,yobased on the few pages from the
Wealth of Nation®n lotteries, would miss a key feature. AccordiagSmith, the universal
tendency to overestimate chances of gain can deeobad by a category of individuals who
succeed in transforming their initial risk-seekattjtude into risk-aversion. This last category
is typically illustrated by the character of theobgr man”, who represents an alternative
figure of the capitalist entrepreneur in M&alth of Nationsin order to grasp the attitude of
such individuals (84), we step back to Smith’s gsial of prudence in th&heory of Moral
Sentiments Following Smith, a prudent behaviour consists awercoming our natural
tendency by adopting the point of view of an “intgrspectator”, in order to try to avoid
what he calls “hazard"TMS p. 213) — which denotes any situation involvirigarces of
losses. This last attitude reveals the existencanoéttitude toward risk, which we are also
used to call “prudence” since the work of M. Kimhb@l990). Such prudence is embedded in
the properties of the utility function, and can @malong with both risk-aversion and risk-
seeking. The main lines of Smith’'s complete theafrypehavior under risk can therefore be
drawn (85).

2.FAIRNESS, RISK, AND LOTTERIES

When commenting on the pages from iMealth of Nationsledicated to lotteries
(mainly, 1, 10, 1), D. Levy (1999) read Smith thghuexpected utility glasses. Nonetheless,
there are good reasons to give up this assumptiofavor of a representation more
appropriate to Smith’s treatment of behavior unsd. And in the early stages, it is even not
necessary to have recourse to an alternative mpesn: within all what Smith says
concerning decision under risk, much might be vidwslay as a “model-free” discussion —
that is, a discussion involving neither expectedman-expected utility representations.
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The basis of this discussion is a curious metaph@ugh which Smith considers not only
gambles strictly speaking, but also decisions conicg the choice of an occupation,
insurance or investment, as various types of ‘8. In the same section 1 of chapter 10,
book I, Smith successively introduces: the “lottafy the law” WN, pp. 123-4) which
represents a particular case of a lottery of “lb@rofessions”, as compared to the lottery of
“mechanic trades”WN, p. 122); public lotteriesWN, pp. 124-6); the “lottery of the sea”, as
compared to the one of the soldi&/N, pp. 126-7); and even the “lottery of the chur(WN,

p. 148). A little further, in the following sectiaon income differentials “occasioned by the
policy of Europe” WN, p. 135), he comes again to the question of arptif mines N, p.
187), which he previously dealt with in thectureson JurisprudencgLJ(A), pp. 356-7;
LJ(B), pp. 494-6), comparing it to a corn lottery, tleme question being raised again in
chapter 7 on colonies of book IWN, p. 562).

2.1. Lottery of the state, insurance, and lottery fothe law: weak risk-seeking

The lottery metaphor leads Smith to define, at 8ight quite accurately, what he calls
a “perfectly fair lottery” as a lottery “in whicthé whole gain compensated the whole loss”
(WN, p. 125) or, in other words, a lottery where théalt outlay is redistributed among
gamblers. At the gambler’s level, a “perfectly féottery” is such that his expected gain
equals the price he is asked to pay for gamblingndiing L = (x1, x5, ... Xj, ... Xp;
P1,D2, - Dir - Pn) @ discrete random variable (a “lottery”) wheree thh and p; are the
respective outcomes (ranked in increasing ordet)pmababilities §, + p, ... + p; ... + P =
1) of a state of the worlg andx, the outlay,

Perfect fairness- x, = E(L) [1]

Now, Smith is quite explicit on the fact that thedtld neither ever saw, nor ever will see, a
perfectly fair lottery” WN, p. 125), and for each example which follows th$sertion, he
explains which kind of unfair lottery prevails. Forstance, he argues that “[ijn the state
lotteries the tickets are really not worth the erighich is paid by the original subscribers”
(WN, p. 125). The case of the lottery of the law igtesignificant. Smith depicts a
“counsellor at law who, perhaps, at near forty ge#rage, begins to make something by his
profession”. Had the lottery of the law been a faitery, he should have received “the
retribution, not only of his own so tedious and exgive education, but of that of more than
twenty others who are never likely to make anydtby it”. However, Smith explains, “[hjow
extravagant soever the fees of counsellors at lay sometimes appear, their real retribution
is never equal to this"WN, p. 123). And many other examples lead to the samnelusion
concerning the properties of an unfair lottery attthe price paid to participate in this lottery
is greater than its expected outcome:

Unfairness= x, > E(L) [2]

Laurie Bréban and André Lapidus — Adam Smith ortdrags 4
01.12.2013 13:42



(Note that Smith does not really take up here #secomplementary to [1] or
[2], nowadays more familiar, wherg, < E(L), which could be viewed as
another type of unfairness).

When Smith discusses the case of the student indftlie subscriber to a state lottery, of the
neglect of insurance upon shipping or upon housfethe young man who decides to become
a soldier, of the silver mines undertaker, he @omit that we are living in a world of unfair
lotteries. And the fact that we are inclined tovgaslch unfair lotteries should not be
underestimated. It means that facing the alteradtparticipate in an unfair lottery and
paying for thisx, > E(L)” or “do not participate in this lottery and keegithe outlayx,
within one’s purse”, many of us would prefer totmapate. Since we accept to pay, this
means that we prefdr to x, and, acknowledging that preferences are monotibrae, we
preferL to E(L). In other words (see J. Pratt 1964 and K. Arr@83), we areveakly risk-
seeking WRS). Denoting> the strict preference which constitutes the asginmpart of the
binary relation of preference over the sef\ of (possibly degenerated) lotteries and, by abuse
of notation,E(L) the lottery which gives a certain outcome equoahe expected value &f

the previous attitude means that

WRS:VL € A (with L # E(L)),L > E(L) [3]

What might initially be viewed as a judgement abfautness (an unfair lottery is a lottery
whose expected value is inferior to the value efdhtlay) now appears as an attitude toward
risk (WRS) for those who accept, at least potdgtian unfair exchange (pay for a lottery
less than the expected value of this lottery). And well-known that such an attitude does
not require,per se any particular kind of functional representatioh preferences over
lotteries like, for instance, expected utility aryaalternative. That is to say that weak risk-
seeking [3] can be seen@m®del-free

Similar conclusions can be drawn from what Smityssabout the demand for insurance. He
observes the low proportion of private houses grssWwhich benefit from insurance:

Taking the whole kingdom at an average, ninetearsé® in twenty, or rather perhaps ninety-nine in a
hundred, are not insured from fire. Sea risk is enalarming to the greater part of people, and the
proportion of ships insured to those not insuredhish greater. Many sail, however, at all seasand,
even in time of war, without any insurand®N, pp. 125-6).

In some occasions, Smith explains, this might Iséiflad because several uncorrelated risks
constitute some kind of mutual insurance:

When a great company, or even a great merchantyleay or thirty ships at sea, they may, as iteyer
insure one another. The premium saved upon thermalf more than compensate such losses as they
are likely to meet with in the common course ofrades. WN p. 126).
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But usually, such is not the case: most peoplesesfio pay a “common premium [...]
sufficient to compensate the common loss&8N( p. 125), which would make a fair lottery
of insurance busineksSince the insurance premium is the differencevéen the value of

the good insured and the certainty equivalent ef lttery, it means that this certainty
equivalent,x™, is greater than the expected valid.) of this lottery. Consequently, the risk
premiump(L) (the difference between the expected value anddttainty equivalent) should
be negative. Now, we know (see, for instance, Mh&l01995, p. 75) that an agent for whom

VL €A p(L) <0 [4]

is also weakly risk-seeking, so that [3] and [4¢ aquivalent. State lotteries, as well as the
demand for insurance, both display a same atttiomtard risk.

However, a model-free approach restricted to weslk-geeking such as expressed in [3]
makes the comparison between lotteries a bit flirddter all, it only allows comparing a
lottery L with a degenerated lottery which gives with certgian outcomex < E(L), and
concluding thatl is preferred tox. It allows saying that suchisky situation is preferred to
such otherisklesssituation, but it doesn’'t say anything about prefiees between different
risky situations — that is, between two differenhrdegenerated lotteridg andL,. In other
words,weakrisk-seeking does not say a lot about the intaitb an increase in risk — which
M. Rothschild and J. Stiglitz (1970) describedsaengrisk-seeking.

2.2. Lottery of the law, again: second-degree invee stochastic dominance

Smith does not limit his analysis to what we wocddl “weak risk-seeking”, that is, to
the comparison between a risky and a certain owtcdtie also proceeds to comparisons
between differently risky lotteries. Other exampletill through Smith’s attempt to grasp the
meaning of a fair lottery, show that he goes furtihe compares unfair lotteries not only to
certain outcomes, but also to other unfair loteerane of them usually approaching “nearer to
a perfectly fair one” N, p. 125). Again, an initial judgement on fairndsads to a
judgement on risk differentials, and at last to ithentification of an attitude towards risk. In
most of these examples, Smith depicts an individdred prefers unfair to less unfair lotteries:
he prefers to try to become a lawyer, rather thalnoemakerW/N, p. 124); he buys tickets for
a state lottery with “great prizes”, but he negletttese less unfair lotteries where “no prize

1 Rigorously speaking, one might argue that thera dfference, at least from the potential insupeéht of
view, since Smith adds that he also has to “payeipence of management” and a profit at a norntal(veN,
p. 125).

2 The expression is not used as such in the papeiif borresponds to one of the conceptions of vislich
Rothschild and Stiglitz (1970) proved equivalenaimexpected utility framework, when comparingdd#s of
equal means.
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exceeded twenty poundsiM\, p. 125); he chooses to become a soldier, whepahie have
been a sailor, whereas “the lottery of the sea”,itlsnsays, “is not altogether so
disadvantageous as that of the armiyyN, 126).

Here again, the case of the “lottery of the law"aigossible key, in order to understand
Smith’s way of proceeding to compare two lotterigsdferent according to fairness and to
risk. He contrasts the situation of the lotterytloé law, and another lottery, of “mechanick
trades” or of “common trade, such as that of shaemsaor weavers"WN, p. 123). Let us call
these two lotteries respectively, = (Xq1, %q,2; Pa1, Paz) aNALy = (Xp1, Xp 25 b1, Pp2)- FOI

I =a, b, x;; andp;; denote the respectiveet outcomes (that is, outcome minus outlay) and
probabilities in case of failure, and symmetricalty, and p;, are the net outcomes and
probabilities in case of success. Of cougse+ p;, = 1. Now, Smith does not only give his
reader the required details in order that he unaleds that the student in law is weakly risk-
seeking. He also notices that whereas for a stuitelsw, the probability, to become this
highly appreciated counsellor at law is very lole probability of success is much higher for
more common occupations: “Put your son apprentice shoemaker”, Smith says, “there is
little doubt of his learning to make a pair of seb@VN, p. 122). And in counterpart, he
contrasts the “so tedious and expensive educaf{N, p. 123) of the student in law, when
compared to that of this apprentice shoemakerbBl@nce between fair and unfair lotteries in
the same paragraphV{, pp. 122-3) shows that the lotteries of the lawl ahthe common
trade are, respectively, clearly unfair for thetfiand, if not completely fair, close enough to a
fair lottery for the second. In other words,

Xg1 < Xp1r Xa2 > Xp2, Paz < Pp2, Such that
E(L)) < 0andE(L,) =0 5]

But the comparison between the two lotteries isasosimple as it might seem on first view.
Through a kind of thought experiment, Smith shfftam the initial unfair lotteryL, to a
hypothetically fair lottery of the law (denoteli}). Imagining a redistribution in favor of the
high outcome, he claims thaf, is a simple modification of the initial unfair tety L,,
obtained by an increase in its higher outcome the expenses of the twenty students in law
who failed, Smith says, should be added to thébrgton of the one who succeed&/I{, p.
123). SinceL, and L, are identical except in the case of success, whgre> x,,, any
individual whose preferences are monotone wouldeprg, to L,, whatever his or her
attitude toward risk. More generally, this mearet fior each outcome, obtaining at most

is more probable with initial lotter¥, than with the modified lottery,,, and strictly more
probable for at least ong(actually, for eackx € x4, x5 ])-
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This can be stated more conveniently in the termstochastic dominanée Define a
cumulative and a decumulative distribution functas respectivelyF (x) = Prob(X < x)
andF (x) = Prob(X > x). First degree stochastic dominance (FSD) of anpttr overlLg is
defined byF (x) — G (x) < 0 for all x (with strict inequality for at least ong, and it amounts
to saying that any individual whose preferencesnasaotone preferkg to Lg. It is therefore
obvious that, ifF, (x) andF, (x) are the cumulative distribution functionsigf andL,,

Vx € [Xq1, X521,

F,(x) — F,(x) < 0and F,(x) # F,(x) = L, FSDL, [6]
And, for this very reasor,, is (strictly) preferred td, 2:

L, FSDL, = L, > L, [7]

Turning now to the comparison betwekEpand the lottery of common tradg, there is no
difference between them concerning their respediamness, since both of them can be
considered as lotteries in which the net outcomegtee results from a redistribution of the
total outlays between the gamblers. According tatiBaprevious explanations on the cost of
the studies in law and on the probability of suscéise hypothetical lottery of the labj; is a
spread (and, sincg(L,) = E(L,), a mean-preserving spreadMPS) of the lottery of the
common tradel,, since high outcomes are still higher Iiff, but they are less probable,
whereas low incomes are still lowerlif), and also more probable:

1 stochastic dominance seems to have been introdo@mbnomics after the papers by J. Hadar and Wsé&ll
(1969), G. Hanoch and H. Levy (1969) who analysext &nd second-degree stochastic dominance, and M.
Rothschild and J. Stiglitz (1970) who presented nmpieserving spread as a special case of secomdedeg
stochastic dominance when the expected valueseolotteries are equal. Third-degree stochastic dande
was introduced through a paper by G. Whitmore (J9Whereas the previous types of stochastic donsman
refer to risk aversion, the idea of inverse stottbadominance, in relation to risk-seeking, appdaire M.
Goovaertset al. (1984) and in a paper by K. Zaras (1989) who exguldhe two types of third-degree inverse
stochastic dominance. At the same time, P. Mubeid M. Scarsini (1989) introduced a general ansiybthe
different degrees of direct and “inverse” stoclmstominance, applied to the question of measures of
inequalities. However, “inverse” stochastic domicaitis not related here to risk-seeking, since itasbased
on decumulative distribution functiois but on inverse cumulative distribution functia?is'.

2 The use of first degree stochastic dominance p#aysucial part in the appraisal of Smith’s compani
between an initiall(;) and a hypothetical modified){) lottery, because FSD leads to preferences indimen
from the attitude toward risk. Such is clearly tlmt case, for instance, whép is a state lottery, antl, a
“lottery in which no prize exceeded twenty pound&gugh their probability is higher ari{] comes closer to
a perfectly fair lottery (N, p. 125). This time, the expected value of théelgtis modified not through an
increase in the highest outcome, but through aedser in the outcome and an increase in its pratyabil
would be easy to check that, in such a situatigndoes not first degree stochastically dominateany more,
since for all x belonging to ]x/,,x.:[, F,(x) —F,(x) > 0. However, L;, second degree stochastically

dominates L, (SSD), because for alk belonging to [x,,x/,], the expression H,(x) = f; [E,(t) —

al

F,(t)]dt < 0. And Smith rightly concludes from his comparishatt“there would not be the same demand for
tickets” WN p. 125). Indeed, althougiil risk-averters would prefer the modified lottéfy to the initial state
lottery L, other people (a majority, according to Smith) pamwhich risk-lovers, would preféy, to L.
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Ly MPSLy: xg1 = Xgq1 < Xp1 3 Xg2 > Xp2 3 Paz = Paz < Pp2 ;
E(Ly) =E(Lp) =0 [8]

This intuition is rigorously expressed by the cqiicef second-degree inverse stochastic
dominance (SISD), introduced by M. Goovaeatsal. (1984}. The expected values of both
lotteries being equal [8], the condition for SISDL overL, is given by:

VX € [xg1,Xg2],
Hy(x) = [J[Fy(t) — Fp(D)] dt = 0 and F; (x) # Fy(x) L, SISD L, [9]

Though they are identical under the aspect of éssnthe hypothetical lottery of the law is
riskier than the lottery of the common trade, ie #ense wherg, is second-degree inverse
stochastically dominatind.,. As shown in Figure 1 where the decumulative ifistion
functions ofL,, L, andL, are represented, condition [9] is satisfied sih@zause of [8], the
area of A + A’ is equal to the area of B.

For the individual depicted by Smith, who is gejtieady to study lawi,,, which is riskier
than (though as fair ag),, would be also (strictly) preferred to it:

L,SISDL, = L, > L, [10].

Since this is a preference for a mean-preservinggsi[8], it also expresses attractiveness for
the kind of increase in risk described by Rothsthihd Stiglitz (1970) as strong risk-seeking
(SRS):

SRS:L, MPSL, andL, > L, [11]

This might be interpreted as a change, resultioghfiSmith’s thought experiment, in the
starting point of the analysis. Imagine that théiahchoice is not betweeh, andL,, but
betweenL,, andL,. Allowing continuity of preferences, it is obvidyshe very existence of a
strict preference in favor of the riskier lottekyy which leaves room to the possibility of a
preference over the lottery of common trdglegiven to some other lotteries, not as good as
Ly:

L, SISD L, = [L,: E(L,) <0, L, FSDL,, andL, > L, [12]

A risk-seeking attitude expressed by [10] has ndlwed the introduction of an unfair
lottery L, which anybody should consider worse thidy and that the individual described by
Smith considers better thdp.

1 An equivalent concept, “risk-seeking second-degteehastic dominance” (RSSD), defined on the bakis
cumulative distribution functions, was introducedHh Levy (2006, p. 126).
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v

Figure 1 — Decumulative distribution functions: the lotterfythe lawL,, the hypothetical fair
lottery of the lawL’ , the lottery of common tradésg. E(L,) <E(L’,) = E(Ly); L', SISDL,;
L', FSDL,

This contributes toward making explicit the kindrefation that Smith establishes between
fairness, risk, attitude toward risk, and prefeemnbetween lotteries. The hypothetical fair
lottery of the law is just as fair as the lotterfytbe common trade: both can be viewed as
lotteries in which a same total outlay is redisttddl among gamblers, although the former is
riskier, in the sense of second degree inversénastic dominance, than the latter. When this
increased risk gives rise to preferences, it algens the path to the possibility, feome
lotteries, first degree stochastically dominatedh®sy hypothetical fair lottery of the law, to be
nonetheless preferred to the lottery of the comnnade. Such is the case for the effective
lottery of the law. This latter, now, is clearlysgefair than the hypothetical fair lottery of the
law and, therefore, also less fair than the lottdrthe common trade. In other words, it is not
because a lottery is riskier than another thas ialso less fair. But it is because a riskier
lottery is preferred to a less risky one that thisreoom for giving preference to an unfair
lottery, like this of the law, over a fair or neafhir lottery, like this of common trades.

The already treated examples of the state lottemesf the demand for insurance can be
interpreted in the same way.Af is the price of the ticket for a hypothetical étt L' such
thatE (L") = x,, L' is a fair lottery. Because of weak risk-seekinly [Bwould be preferred to
Xy, and it is obvious that' SISD x,. Now, this preference given to the riskier optalows
the possibility for a lottery, such thal’ FSDL (for instance, diminish the higher outcome in
L' to build L), to be preferred tee,. And becausd. FSDL implies E(L) < E(L") = x,,
preference is given to an unfair lottery.

Laurie Bréban and André Lapidus — Adam Smith ondrags 10
01.12.2013 13:42



2.3. The lottery of the army: third-degree inversestochastic dominance of the second
type

Some, among Smith’s other examples illustrate t®es approach which makes
preference for an unfair lottery an effect of &+s®eking attitude expressed by second-degree
inverse stochastic dominance. Some, but not all,these complications show that although
Smith had risk-seeking in mind, second-degree B®e/estochastic dominance is at times
insufficiently selective in the characterizationpafssible risk-seeking attitudes. This leads to
introduce some kind gfrudentrisk-seeking attitude, in that it expresses thaitive idea of
an individual all the more (less) risk-seeking thla¢ possible gain (loss) is important. It
should be emphasized that this does not mean higindividual would be somehow less
risk-seeking, but that he is risk-seeking in aipalar way. In standard analysis, for instance,
this might refer to an individual who is interesiadncreasing not only the variance, but also
the skewness of a distribution (the second andhiing central moment). He would therefore
favor a spread to the right tail of the distribuati(o increase the variance), and a contraction
from the left tail (to increase the skewness). Rigsly, this is represented by third-degree
inverse stochastic dominance of the second typeGe®vaertet al 1984 and Zaras 1989).

An example of such complications appears when Smiblres to the question of knowing
why “common people [...] enlist as soldiers, or gs#a” VN, p. 126), which gives rise to a
comparison between these two unfair lotteries; libtéery of the sea [being] not altogether so
disadvantageous as that of the armWyN p. 126). On first view, this looks very much like
the example of the lottery of the law and the Iyttef the common trades — the first one
standing for the lottery of the army (denote itiaga,) and the second for the lottery of the
sea [,). A difference seems to come from the fact thatahs a wider range of payoffs for
each lottery. Ranking them in increasing ordeméans that in each case, one might (i) be
killed in action; (ii) stay a simple soldier or kaj (iii) become an officer; (iv) be promoted at
the highest rank.

Smith barely discusses the lowest outcomes. Everyamong his readers, knows what they
are: death in each case, to which Smith refersebly when he says that “[w]hat a common
soldier may lose is obvious enoughWVil p. 126), adding a little further that the possibl
positive outcome of the lottery in which he is itwexd is “the whole price of [his] blood”
(WN p. 126); or, about sailors, when he brings up‘tlamgers and hair-breadth escapes of a
life of adventures”\(VN, p. 127). He is still less explicit concerningstiiianger, and he does
not seem to make any difference concerning thegtitity of death for a soldier and for a
sailor. But for all other outcomes, it seems bdttdve in the army than in the navy:

The great admiral is less the object of publick mdtion than the great general, and the highestessc
in the sea service promises a less brilliant fartand reputation than equal success in the land. Th
same difference runs through all the inferior degref preferment in both. By the rules of precegienc
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captain in the navy ranks with a colonel in the arivut he does not rank with him in the common
estimation. {WN, p. 126).
Whatever the reasons put forward, they aim at @xipig why so many young people prefer
to be a general than an admiral, a colonel in theydhan a captain in the navy, and a simple
soldier than a simple sailor, whose hard life isadded in detailsWN, p. 127). But this
difference is challenged by the probabilities @& thspective outcomes of the two lotteries:
As the great prizes in the lottery are less, thallemones must be more numerous. Common sailors,
therefore, more frequently get some fortune anéepment than common soldierd/{, pp. 126-7).
This means that whereas it is more probable torhecn admiral than a general, a captain in
the navy than a colonel in the army, it is lessbpiile to remain a simple sailor than a simple
soldier.

Now, the difference between the lottery of the aany the lottery of the sea on the one hand,
and the lottery of the law and the lottery of conmtiades on the other hand, becomes more
conspicuous. When you move from the lottery of camnirades to the lottery of the law,
your greater possible gain becomes both higheldeswdprobable. Like when you move from
the lottery of the sea to the lottery of the armiere you might become a colonel instead of a
captain, a general instead of an admiral. But Vidvathe lower ranks? In the worst case, you
die, and it doesn’t seem that there is one amoegtwo lotteries in which it would be
undoubtedly less probable. If you chose the armmaining a private is more probable than
remaining a sailor in the navy: this still look&dithe lotteries of the law and of common
trades. But your life would be better as a soltlemn as a sailor, and that is contrary to the
lowest respective outcomes of the lotteries oflélmeand of common trades. In the lottery of
the law, you exchange the possibility of a gre&igher outcome for a smaller probability
anda smaller and more probable lower outcome. Iridtiery of the army, you still exchange
the possibility of a greater higher outcome fom@aler probability. But it is not that great,
since in counterpart, your lower outcome, though siore probable in the army, is now
higherand not smaller.

Smith’s argument might be captured more easilyitmpkfying the number of ranks he refers
to. Assume that, here again, there are only twaiples couples of net outcomes for each
lottery L, andL,: x,; with probabilityp,; stands for the outcome of, say, the soldigg,
with probabilityp,, for that of the generak;,, with probabilityp,, stands for the outcome of
the sailorx,, with probabilityp,, for that of the admiral (far=a, b, p;; + pi; = 1).

To sum up, the respective values of the outcomdspavbabilities in the lotteries, andL,,
are such that:

Xa1 = Xp1> Xa2 = Xp2; Pa2 < Pb2;

E(Ly) < E(L,) <0 [13]
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The fact that either the lottery of the army or kbigery of the sea might be chosen although
they are unfair, and although other occupationssesl to a fair lottery, are available, shows
that the individual concerned is weakly risk-segkin

Nonetheless, carrying on with the same approactvitis the lotteries of the law and of
common trade does not provide what might have leepected. Let us transform the lottery
of the army in the same way, frohy to L}, that is, to a hypothetical lottery of the army
where the retribution of the general is increadéd becomes as fair as the lottery of the sea.
It is obvious that, here also, [6] and [7] are Sfa&d so thatl,, FSD L,, and would be
universally preferred to the initial lottery of ttemy (everybody who aims at becoming a
general would prefer to be a better paid generaljning to the respective characteristics of
L, andL,, they are now:

Xg1 = Xq1 > Xp1 ;X2 > Xa2 > Xp2 3 Paz = Paz < Pp2 ;
E(L,) =E(L,) <0 [14]

At the difference of the lotteries of the law antdtee common trade, the graphs of the
decumulative distribution functiong, andF, in Figure 2 clearly show thdt, cannot be
second-degree inverse stochastically dominatiigas a result of [14], A + A’ < B so that
condition [9] is not fulfilled. However, provided the lotteries do not give corapaely too
high outcome to the soldier or too low outcomehe general, and given the equality of the
expected values of both lotteries [14], conditiohghird-degree inverse stochastic dominance
of the second type (TISD2; see Goovaeatsal. 1984, Zaras 1989) fromd, on L, are
satisfied:

Vx € [Xp1, Xg2],
Hy(x) = [7** H,(t) dt > 0 and F; (x) # F,(x) & L, TISD2 L, [15]

The intuitive meaning of TISD2, whefé; (x) = 0 in [15], is thatL], results from a spread of
the high outcomes df, and a contraction of its low outcomes, so that issboth increased
and transferred from lower to higher outcomes. Ahd individual who strictly prefers
enlisting in the army to joining the navy is riskeking in the sense of TISD2:

L, TISD2 L, = L, > L, [16]

Like in the case of the lottery of the law, the &lggation of fairness between the hypothetical
lottery of the army and the lottery of the seavafiqreference for the riskier. And it is, again,
in this interval, between both lottery, that theseroom for some lotteries first-degree

1 For the same reason, third-degree stochastic domén(TSD) of;, onL, is excluded.
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stochastically dominated ki, like the initial lottery of the army,, which can be preferred
to that of the sea:

L, TISD2 L, = [L,: E(L,) < E(Ly), L;; FSDL,, andL, > L, [17]
A
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Figure 2 — Decumulative distribution functions: the lottexfythe armyL,, the hypothetical fair
lottery of the armyt’,, the lottery of the sela,. E(L,) <E(L’,) = E(L,); L', TISD2L,; L', FSDL,

2.4. Limits to a model-free approach

What Smith says about fair and unfair lotteries bpsned the path to a model-free
interpretation of the attitude toward risk of thosbo prefer unfair lotteries, in terms of
second-degree inverse stochastic dominance, ardeigree inverse stochastic dominance of
the second type. Yet, giving up this model-freerapph through what seems the easiest way,
an expected utility representation, would be ratheritive: stochastic dominance establishes
meaningful relations between the different kindsdoiminance and the properties of the
underlying function which gives rise to expectedityt Consider the following convex sets
of underlying functions:

U = {u(x):u' > 0} (increasing functions)

U'? = {u(x):u' > 0,u” = 0} (increasing convex functions)

U2 = {u(x):u' > 0,u" = 0,u’" = 0} (increasing convex functions with
non-decreasing convex first derivative)

L, and L, are two lotteries, whose expected utility are dptespectively,EU(L,) and
EU(Ly). The following results allow linking an attitudewtard risk, expressed by stochastic
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dominance, and preferences over lotteries, expitdssexpected utility;

(1) If L, FSDL,, thenEU(L,) = EU(Ly),Vu(x) € U* [18]a
(Hadar and Russel 1969; Hanoch and Levy 1969)

(2) If Ly SISDL,, thenEU(Ly) = EU(Ly),Vu(x) € U'? c U? [18]b
(Goovaertst al. 1984)

(3) If L, TISD2L,, thenEU(L,) = EU(Lp),Vu(x) € U'?3 c U*? c U? [18]c
(Goovaertset al. 1984; Zaras 1989).

The conclusion seems straightforward. Since SISDTA8D2 are required in order to give an
account of the attitudes toward risk which Smitingout when he moves to the analysis of
lotteries, the expected utility hypothesis leads répresent choices by means of the
corresponding functions belonging ¥d2 or to its subsetl/123. Typically, this would mean
that, in the case of the choice between the lotérhe law and that of the common trade,
where SISD prevails, all the increasing convex fioms, and no increasing concave function,
would be possible candidafedhey would all express risk-seeking, through iomowhich
makes equivalent the various concepts of riskualitwhich might be distinguished in a
model-free context (see Rothschild and Stiglitz @9Zonvexity of the utility function is
equivalent to strong risk-seeking, to weak riskkgsg and to the existence of a negative risk
premium. In the case of the choice between therlptif the army and that of the sea, TISD2
just leads to reduce to a subget?® of U'? the set in which any utility function might
represent it. Obviously, the already noticed edeivees would still hold, but with the
supplementary characteristic that risk-seekingdsaasing withx. Therefore, it seems that the
only remaining elementary problem is to make suvat tamong such a wide range of
possibilities, one of them at least is not conteti by what Smith says about decision.

The point is that the range of possibilities ifl o narrow, so that none of them fits Smith’s
position.

1A systematic account of results concerning thkslibetween stochastic dominance, direct and indtic
degree 3, and the properties of the utility funct@an be found in Zaras (1989) and (except for TUSibd
TISD2) in H. Levy (2006), chap. 3 who provides bathcessary and sufficient conditions. General tesul
concerning direct stochastic dominance of degraee established by P. Fishburn (1976).

2 Imagine a concave function allowdJ(L},) > EU(L,). This would imply strong risk aversion (SRA) and
therefore, that a lottery which is a mean presgrgpread (MPS) of another lottery cannot be prete(see
Rothschild and Stiglitz 1970). Nou;, is a MPS of,, so that it would contradict the preference git@i,,
over L,. As a result, no concave function is a possibleditiate to represent preferences generated by SISD
through an expected utility approach.
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3. THE “ ABSURD PRESUMPTION”: OVER- OR UNDER-VALUATION OF CHANCES

In the Theory of Moral SentimentSmith argued in favor of an asymmetric sensivit
to favorable and unfavorable evenidMS p. 44). It is tempting to interpret this in terwisa
“loss aversion principle”a la D. Kahneman and A. Tversky (1979), like in N. AshiC. F.
Camerer and G. Loewenstein (2005). NonethelessBraban (2012) pointed out, this
interpretation (and, more generally, a referenqeeddent approach to Smith) lacks textual
evidence. In this case, asymmetric sensitivitygatiefers to a function which plays the same
part as a utility function whose propriety of covita or convexity would depend on a
position within a social scale of happiness: whernaividual's permanent state of happiness
is close to the highest level, the function is @we; otherwise, it is convex. And since in
most cases, according to Smith, people are claseéhd highest level of happiness, the
function is usually concave: a favorable event ssuaned to have a smaller impact on
enjoyment than the symmetrical unfavorable one.sTimeans thatu(x) should be an
increasingconcavefunction:

u(x) € U3 = {u(x):u' > 0,u” <0} [19]
(Bréban 2012)

As a resultu(x) can obviously belong neither to the set of insieg convex function®/ 2
nor, a fortiori, to its subset/1?3. And since risk-seeking, in an expected utilitymach,
would require the convexity of the underlying fuoat (like in [18]b or [18]c), such an
approach seems of no help for giving an accounwludt Smith says about choice among
lotteries. This issue is the one which M. Allaisseal as soon as 1953, when criticizing
expected utility theory: a same property (concawtyconvexity) cannot express both a
valuation of preferences (cardinal utility) andadtitude toward risk.

3.1. Can we keep up the expected utility interpretson?

An ingenious way to by-pass this difficulty would o argue that some other
elements in Smith’s analysis, left aside till ndead to question the very relevance of risk-
seeking for such situations as the choice of aggsadnal occupation, so that a standard, risk-
adverse expected utility approach might be favored.

When comparing liberal professions with mechanaddés, Smith acknowledges various
possible reasons for the success of the formemibgéy, he accepts two of them:

“First, the desire of the reputation which attengson superior excellence in any of them; and,
secondly, the natural confidence which every manrhare or less, not only in his own abilities, but
his own good fortune."WN, p. 123).

Each of these reasons deals with a different matter
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* The “desire of reputation” concerns the motivesdotion, and comes to explain the
success of liberal professions, whereas they fangoint of pecuniary gain, evidently
under-recompenced” relatively to “mechanick trad@gN, p. 123).

* The “natural confidence” deals with individual’silély to evaluate situations. It also
comes to explain the success of liberal professialtisough “[ijn the greater part of
mechanick trades, success is almost certain; bwy weacertain in the liberal
professions” WN, p. 122). A closer examination shows that, acemydio Smith,
natural confidence applies to two different togMéN, p. 124):

* “the over-weening conceit which the greater parim&n have of their own
abilities”,
» and “the absurd presumption in their own good foety
the last one, only, being relevant for his analgs$ishoices under risk.

Concerning the first issue, the “desire of repotdtiallows Smith to explain the success of
liberal professions by pointing out that “pecuniaygins” are not the sole reward of such
professions, since reputation, or what he alse ¢alliblic admiration”, might constitute the
greatest part of their outcome:

The publick admiration which attends upon suchimiistished abilities, makes always a part of their

reward; a greater or smaller in proportion as higher or lower in degree. It makes a considerphle

of that reward in the profession of physick; al dliteater perhaps in that of law; in poetry and

philosophy it makes almost the wholé/i{ p. 123).
This position is a long lasting one for Smith, atlg present, as noted by the editors of the
Wealth of Nationsin theLectures on Jurisprudenc&his might suggest that the lottery of the
law is not that unfair and that, possibly, the wevpoet or lawyer is not more risk-seeking
than the novice shoemaker. Such an interpretagems to have been favored by D. Levy
(1999) who uses the “desire of reputation” argumerdrder to conciliate an expected utility
approach with Smith’s discussion of lotteries.

Our interpretation would be rather that this pldige same part as Smith’s shift to a
hypothetically fair lottery, when he imagines thhe expenses of twenty unsuccessful
students in law are added to the retribution ofdhly one who succeeds: no need to imagine
a fair lottery, it actually exists! This is unambausly confirmed by what he already said in
thelLectures

The ten or twelve therefore who come into businasst have wage(s) not only to compensate the
expence of their education, which is very gread asan must be 30 years or thereabouts before he can
be of any service as a lawyer, but also the riszfugot being ever able to make any thing by it. The
temptation to engage in this or any other of therkll arts is rather the respect, credit, and @mice

it gives one than the profit of it. Even in Englantere they are more highly rewarded than any where
else, if we should compute them according to theesaule as that of a smith or other artizan they
would be still rather too low. But the honour anmddit which attends on them is to be considered as
part of the wages and a share of the rewdtd(A), pp. 354-5).
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Consider again the lottery of the law: on the omadj it is now as fair as the lottery of the
shoemaker; but on the other hand, it is also a rpeaserving spread of this lottery, so that it
dominates it stochastically in the sense of SISDngequently, the utility function which
might be used to represent the choices of the lawyef the poet should still belong to the
set of increasing convex function: the compatipitietween Smith’s position and an expected
utility approach is not that easy to obtain.

3.2. The “absurd presumption” in one’s own good faiune

The first issue — desire of reputation — reinfortes negative argument against the
expected utility interpretation: taking it into awmt confirms that an expected utility
framework does not fit to Smith’s claims concernibgth valuation of preferences and
attitude toward risk. Now, the decisive argumenrd [gositive one, related to the second issue
— natural confidence — which opens onto an alter@ab an expected utility approach. After
having distinguished natural confidence as a mestite from the nature of the motives
involved in the choices between lotteries, Smikesacare to separate its two possible objects,
which both contribute to explaining why a riskiettery is chosen: natural confidence, either
in one’s “own abilities”, or in one’s “own good tone” (WN, p. 124). Moreover, although
this last type of confidence might be related tes tkind of belief which Hume called
“unphilosophical probability” (Hume 1739-40, I, pp43-54; see M.-A. Diaye and A. Lapidus
2012), Smith stresses the novelty of his viewshandstimation of the probabilities of gains
and losses:

The over-weening conceit which the greater pamneh have of their own abilities, is an antient evil
remarked by the philosophers and moralists of gdisa Their absurd presumption in their own good
fortune, has been less taken notice of. It is, hawef possible, still more universal. There is man
living who, when in tolerable health and spiritasinot some share of it. The chance of gain isvbyye
man more or less over-valued, and the chance sfidoBy most men under-valued, and by scarce any
man, who is in tolerable health and spirits, valoeate than it is worth WN, pp. 124-5)
In the introductive discussion of the lottery oétlaw, Smith’s claim for novelty appears as
resulting from a specific rhetoric. Within this thec, the desire of reputation and the
overestimation of one’s ability successively vanishfavor of what feeds the analysis of
various types of lotteries which runs through thet of chapter 10: the over- or under-
valuation of chances. Like the desire of reputattbe first component of natural confidence,
the overestimation of one’s own ability, does p&y important part, since it concerns the
consequences of actions (see Bréban 2011, pp. 24%6wever, this is clearly not the issue
on which Smith tries to draw his reader’s attentibhe very mechanism which is at the core
of our tendency to prefer unfair and riskier lagerrests on a propensity to depart from

probabilities, that Smith calls the “absurd prestiorpin [one’s] own good fortune”.

In spite of its alleged novelty, this mechanismnsgejuite intuitive: we have a tendency to
over-value probabilities of gains, and to undemreagbrobabilities of losseS\WN, p. 125). Let
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us then take Smith’s claim in a systematic way, emasider again a lottery like this of the
army, but without aggregating the different rank®itwo categories. We are now facing
different ranks, which give rise to outcomegswhich increase from, (say, a private), ta,

(a general) with probabilitigs; going similarly fromp, to p,,. Let us focus on an intermediate
ranki — a captain, for instance. Because of his “presiompin his “own good fortune”, the
candidate willing to join the army over-values tdhance of gain” N, p. 125): the decision
weight (x > x;) which he associates to the possibility of obtagnat least the rank of a
captain, is greater than its probabilitgx > x;). And consistently to what Smith says about
the tendency to under-valuate lower outcomes, doistbn weight associated to obtaining a
rank lower than this of a captain(x < x;) =1 —n(x = x;), would be smaller than its
probabilityp(x < x;) =1 — p(x = x;). In case this property holds for all rariks the army
(and assuming that the decision weight of a prdibalgiqual to O is also equal to 0 and that
the decision weight of certainty is, like its proiay, equal to 1), it follows closely Smith’s
argument on over- and under-valuation. Define novinareasing functiog from [0, 1] into
itself, which transforms the probability of obtaigian outcome at least as greakamto its
decision weight. The previous discussion means that

n(x =2 x) = o(Xiip;) 2 p(x 2 %) = X7 p; [20]
(equality holds whep(x > x;) equals 0 or 1)

Elementary decision weights can be easily derived from [20] as the differebeaveen the
decision weight of obtaining at least and the decision weight of obtaining at legst :

m=n(x = x) —n(x = x44) = @(Z?:ipj) - ‘/’(271‘1=i+1 pi) [21]
Tn = @(Pn)

Always according to [20]¢ is such that for alp in [0, 1], ¢(p) = p, the equality holding
only whenp equals 0 or 1. It is obvious that this amountsaging thatp is strictly concave,
that isp” < 0. An immediate consequence of this propertyposhould be noted. Imagine
two ranksh andk, denoting for instance a sergeant and a coloneh shatx; < x;, and

pn = Pr = P. The over-valuation of the chance of becoming laresd, in comparison of this
of becoming a sergeant, implies thgt< m;, or, according to [21], that a positive magnitude
like its right membergp(p +p) — ¢(p) is decreasing witlp (that is, increasing with the
outcome, when moving from the sergeant to the @)omecause of the concavity @f
though it is as probable to become a sergeantissatbecome a colonel, the decision weight
of the former is smaller than that of the latter.

This interpretation of Smith’s argument matchesd&a introduced in economic literature by
J. Quiggin (1982), which is at the origin of theiety of models belonging to what had later
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been known as a “rank-dependent utility” apprdadbealing with cumulated, instead of
elementary, probabilities has the advantage ofdiwgithe major drawback of an intuitive but
rather rude representation based on the transfammat elementary probabilities (that is,
; = @(p;)): the well-known possibility that the preferredtéoy is first-degree stochastically
dominated by a non-preferred lottéryAccordingly, Smith’s intuition of a transformatiaf
probabilities leads to a (rank dependant) valuafifih) of a lottery, now ensuring that
preference for first degree stochastically dominatteries will not be violated:

U(L) = Xty mu(xy) [22]a

wherer; = o(X7-;p;) — ¢(Zi=i+1p5) [22]b

(andp’ > 0;9(0) = 0; 9(1) = 1; m, = @(pn))
It is obvious that herep plays a decisive part, since it determines théeihces between
decision weights and probabilities. For instandgctsconcavity (which impliesp(p) > p
whenp is different from 0 or 1) or convexityp(p) < p) of ¢ respectively come into an over-
valuation or an under-valuation of the probabidite high outcomes and, symmetrically, into
an under-valuation or an over-valuation of the piuolities of low outcomes, currently
interpreted (see Cohen 1995) as, respectively agamimism” or “pessimism” under risk
(the limit case where is both concave and convex, and transforms eastapility in itself,
corresponding to the situation where the individealeither optimistic nor pessimistic under
risk, and behaves according to a standard expadiéty approach). Smith’s idea of a
specific transformation of probabilities, where showhich are related to high outcomes

1 Rank-dependent utility now constitutes an impdrteend in decision theory. For an introductionudsing on
associated risk perceptions see, among othersjeéidDe and P. Wakker (2001), M. Abdellaoui (2002)d
M. Cohen (2012). With some qualifications, moreergoversions of prospect theory also belong tokimd of
models, at least since Tversky and Kahneman'’s pa@2r (see Wakker 2010).

2 violation of first-degree stochastic dominance DFSneans that between two lotteries, an individuajht
prefer the one which gives at least any outcameéth a probability lower than the one of obtainigeast the
same outcomé& with the other lottery. It is obvious that a minim requirement for a theory of choice under
risk is the exclusion of the possibility that esfidegree stochastically dominated lottery be prefk whatever
the concerned individual's attitude toward riskoyided his preferences are monotone. This minimum
requirement is also lacking not exactly in Kahneraad Tversky (1979), since they use an editing guotace
which prevents it, but to the simpler version whirakker (2010, pp. 274-5) called “separable prospec
theory”. This issue seems to have had a signifigamt in the elaboration of Quiggins’ ideas on thay
probabilities should be transformed. Wakker (2q1.0153) mentions an unpublished letter by Quiggirtree
violation of first-degree stochastic dominance ipaper by J. Handa from 1977 for similar reasoriee T
argument is resumed in Quiggin (1981, pp. 160-H)@mstitutes a basis for his influential articfe1882.

3 In standard rank-dependent utility modél§L) is usually written:
UL) =ulx) +-+ ¢(2?=j+1 pi)[u(xj+1) - u(xj)] + -+ () [ulx,) — ulx,-1)],
which is equivalent t¢22]a and b (wherp' > 0; ¢(0) = 0; ¢(1) = 1). In order to keep notations consistent
with those of the previous section, we have kepthgpuse of ranking outcomes in an increasing offdem
the lowest outcomer; to the highestr,. Nonetheless, in recent literature, rank-dependgility models
usually favor notations in which outcomes are rankea decreasing order.
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increase whereas the ones which concern low outodeerease, might therefore be
understood as “optimism” in this technical senses éxpressed by:

p"' <0 [23]

Apart from formal aspects, the meaning ¢fis far from self-evident, and two alternative
interpretations seem to arise. The first one id tha individual concerned has a false
perception of probabilities #; instead ofp;. The second interpretation is that although his
perception of probabilities is correct (he is nastaken aboup;), he nevertheless considers
the different issues with more or less optimismpessimism (which leads him to set the
decision weightr; above or beneathy, in line with the value op (X7, p;) — @(X7=i41p))).
Now, when Adam Smith argues that we over-value ratet-value probabilities, he clearly
favors the second interpretation. When he discusseghoice of a profession by “young
people”, he contrasts, on the one hand probakilitimisfortune” or “good luck”), and, on the
other hand, optimism or pessimism (“hope” or “fgar”

“The contempt of risk and the presumptuous hopmuo€ess, are in no period of life more active thtan

the age at which young people chuse their profassidow little thefear of misfortuneis then capable

of balancing thédnopeof good luck appears still more evidently in the readinesthefcommon people

to enlist as soldiers, or to go to seWN, p. 126; our italics, L.B and A.L.).
The argument is rather sophisticated. What Smitplagxs is that focusing only on
probabilities (misfortune, or good luck) would lemgoung man to move away from the army
or from the navy, like from studying law. When lagds fear and hope into account, he does
not become ignorant of these probabilities. Bus thiings out a widely spread discrepancy
between decision weights and probabilities, so tthetarmy, the navy, and studying law, can
become attractive.

According to this last interpretation, each decisweight conveys the combination of two
elements: probability strictly speaking, and therelative pessimism or optimism under risk
(fear and hope, in Smith’s words). The resultingwate toward risk hence combines both the
effect of the intensity of preferences (asymmeensitivity), expressed through the
concavity or convexity of the underlying functiarfx), and the optimism or pessimism
expressed, again, by the concavity or convexityp@). Now, a difficulty arises from the
specification of the risk-seeking attitude towarskrwhich would allow the consistency
between the two propositions derived from Smithigtings: the concavity of both(x) and

().
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A. Chateauneuf and M. Cohen (1994, p. 89) gavedneition ong which allows weak risk-
seeking (WRS) to prevail, in spite of the concawfyu(x)1. Since only WRS is concerned,
this would support Smith’s position on our willirggs to buy tickets for an unfair lottery (see
above, [3]), but it does not say anything on managlex choices between lotteries, like these
of the law and of the shoemaker. Yet, we have dedh these more complex choices,
arguing that they give rise to preference for iseestochastically dominating lotteries ([12],
[17]). But if we keep on considering that for thedent in law, for instancell the mean-
preserving spread lotteries (like the hypothetyctdir lottery of the law) are preferred to the
initial lottery (this of the shoemaker), that ispreference between lotteries equally fair (with
equal means) ialwaysgranted to the second degree inverse stochagtathinating one,
which corresponds tastrong risk-seeking(SRS, [11]), the conclusion would be a bit
disappointing: S.-H. Chew, E. Karni and Z. Safra81) have shown that in a rank-dependent
utility model, SRS is equivalent to tlenvexityof the utility function and the concavity of
the function of transformation of probabilities.keiin an expected utility framework, this
means that we cannot get rid of the convexity ef dhility function, and that SRS is not
compatible with Smith’ position on asymmetric séngy.

The solution rests on a refinement of the involeedicept of risk-seeking. It is clear that
WRS, which allows consistency between the concasfity and ¢ is too demanding since it
orders too few lotteries and that SRS (that isPSMth mean preserving spread), which does
not allow consistency, is insufficiently demandi®p that there is room for a subset of the set
of pairs of lotteries ordered by SRS which would feobid the concavity ofl. A similar issue
would also apply to lotteries ordered by TISD2.the case of SRS, A. Chateauneuf, M.
Cohen and 1. Meilijson (2005), identified such &set, linked tomonotone risk-seeking
(MRSY, and gave a condition anand ¢ which ensures that in spite of the concavityuof
optimism is high enough to generate (monotone)}sesking.

1chateauneuf and Cohen (1994) have establishealbaviing condition oru and ¢ under which an individual
is weakly risk-seeking. They first show thatuf.) is increasing ' > 0), assuming the convention that
0<y<x<1,there existdh = 1: u'(y) < h((u(x) —u(y))/(x —y)). Then, ifep is such thatp(p) = 1 —
(1 —p™) for eachp in [0, 1], the individual concerned is weakly ris&eking.

2 Monotone risk-seeking results from preference mgiteea monotone mean preserving spread. A lofigrig a
monotone mean preserving spread pff there exists a lotter, comonotone td,;, with E(L.) = 0, such that
L, =L, + L.. The idea of an increase in risk is therefore morgitive (see examples in Cohen 2012) when
the mean preserving spread is monotone.

3 Define first the index of non-convexity of asT,, = supx<y(u;/u’y) and the index of optimism aof as
0, = infycpeq (%/1-%;;;)). The condition for the presence of monotone resgking when the utility

function is concave might be stated as follows (Ehaneuf, Cohen and Meilijson (2005)).ulfis concave
(that is,T,, > 1), there is MRS if and only 0, > T, (if optimism toward risk compensates the concawity

u).
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3.3. An illustration

The comparison between the lottery of the law @nad of the shoemaker is a typical
instance of the possibility to obtain risk-seekingpite of a greater sensitivity to unfavorable
events. It might be viewed as a simple case (ambyfossible outcomes for each occupation),
in which the lottery of the lavk), is a (monotone) mean preserving spread of therjoof
the shoemakeL, — provided the desire of reputatiosupra p. 17) or, equivalently, the
hypothetical fair lottery qupra p. 7) is taken into account — so that they slibeesame
expected outcomeE(L),) = E(Ly)). This is a typical instance because in the franmkved
expected utility, preference given to the lottefyttee law over the lottery of the shoemaker
would require the convexity of the utility functio®@n the contrary, Figure 3 and Figure 4
below show how, in a rank-dependent utility framewycsuch a preference can be made
consistent with a concave underlying function egpirey asymmetric sensitivity to favorable
and unfavorable events, like in Bréban (2012).
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Figure 3— Lottery of the law and lottery of the shoemaker
— The transformation of probabilities by fear anghéo

The respective probabilities of success in bottet@s,p,, andp,,, are transformed (Figure
3) in decision weightg,, andm,,, the former transformation being more importamsinttthe
latter, because of the concavity @fp), so that the decision weight of a success in gtgdy
law has proportionally much more increased thas dhihe success in becoming a shoemaker
(and, conversely, for the respective decision wsigh failurerr,; = 1 — /, andm,; =1 —

Th2)-
In Figure 4, because of the concavityudk), the expected utilit¢ U (L},) of the lottery of the

law is smaller than that of the shoemakét(L,), which contradicts the preference given to
the former. But moving to the decision weights giwe Figure 3 increases the valuation.pf
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to the detriment of that of, in terms of rank-dependent utilityRDU): RDU(L,) >
RDU(Ly).
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Figure 4 — Lottery of the law and lottery of the shoemaker

— Rank-dependent utilitysexpected utility valuation
In spite of a greater sensitivity to unfavorablemg, preference given to the riskier lottery,
like the lottery of the law, or the lottery of tla@my now makes sense, even if it is second
degree (or, in the case of the army, third degreeorsd type) inverse stochastically
dominating the other lottery — that of the shoemadgieof the navy.

4. TOWARD A COMPLETE THEORY OF BEHAVIOR UNDER RISK

This shows the consistency between two kinds olirasmpts on which Smith’s
conception of decision under risk relies:

» the first argument, from section 3, part | of Tieeory of Moral Sentimentsoncerns
the widely spread asymmetric sensitivity to favéealand unfavorable events,
according to which the latter have a more imporédfgct than the former;

» the second argument, from chapter 10, book | @#¥ealth of Nationsconcerns the
as widely spread tendency to give preference teslaer lottery, in the sense of
second or some higher degree inverse stochastimdooe.

The solution can be found in a rank-dependentyjpproach, which emphasizes a tendency
which Smith also presents as universal: the oveatan of the chances of gain, which comes
along with an undervaluation of the chances of.l8ssa result, individuals are led to commit
in riskier and unfair situations, such as liberaifpssions, public lotteries or army, whereas
less risky and fairer opportunities are availalb®e.great part of former difficulties of
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interpretation of the few seemingly simple pageslaiteries comes from the fact that an
intuitive expected utility approach definitely diat fit them.

4.1. Smith on entrepreneurship: from projectors tosober men

Once this interpretation is acknowledged, it canekiended in order to understand
some of the various characters which take pladeeWealth of NationsAnd among them,
this category of capitalist entrepreneurs whichtBroalls “projectors” YN, p. 307; p. 357).
These latter are involved in operations quite gimib unfair lotteries, needing an important
capital and faced with a high risk of bankruptcyhiet the amount of profits does not
compensate (see, for instan®él\, p. 128; pp. 131-2). It is well-known that Smitbntrasts
projectors with another category of entrepreneting sober people”WN, p. 357; p. 851),
which are said “strangers” to all these “hazardmagects of trade”\WN, p. 851) where profit
does not compensate the risk of bankruptcy, thab ignfair and riskier lotteries.

As already noticed by several commentators (D. L£987; S. Hollander 1999; S. Leloup
2000; M. P. Paganelli 2003), the responsibilitytleé projectors’ inclination toward these
risky lotteries comes from the tendency to ovemesté the chance of gain. It is therefore
obvious that their behavior might be viewed as egging sufficient optimism toward risk in
a rank-dependent utility approach (see, for insaWiN, p. 128).

But a new difficulty arises: what about sober pe@pln other words, since we are dealing
with so universal tendencies, why are there so fesyectors, and so many sober people?
Smith is quite clear in chapter 3 of book 2 of Wiealth of Nations

With regard to misconduct, the number of prudent anccessful undertakings is everywhere much
greater than that of injudicious and unsuccessfgso After all our complaints of the frequency of
bankruptcies, the unhappy men who fall into thisfortune make but a very small part of the whole
number engaged in trade, and all other sorts ahbss; not much more perhaps than one in a thousand
Bankruptcy is perhaps the greatest and most humgiaalamity which can befall an innocent man.
The greater part of men, therefore, are sufficyeadireful to avoid it. Some, indeed, do not avticsé
some do not avoid the gallowsVQ p. 342)
This requires another shift, back from théealth of Nationsto the Theory of Moral
SentimentsSmith’s already quoted description of sober pe'spbehavior in théVealth of
Nations as “strangers” to all “hazardous projects of &a@VN, p. 851), comes close to what
he writes about the virtue of prudence in Theory of Moral Sentimentsvhich leads us to
avoid the possibility of unfavorable events (“amytsof hazard”, Smith say§;MS p. 213).
Bringing togethersobriety (in the Wealth of Nationsandprudence(in the Theory of Moral
Sentimenis makes visible the moral mechanism which goverms évolution of most
entrepreneurs. Smith depicts the long-lasting iaterfight between what he calls aatural
point of viewand thepoint of view of the impartial spectat(gee Bréban 2011, chap. 3, 4, 5;
2014). This duality of points of view refers to twtiernative perceptions of an individual on

his own situation. The natural point of view copesds to his impulses and leads him to a
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disproportioned view of his own, whereas the imphgpectator's point of view is a moral
reference built on the basis of social interactiansl internalised by the individuahnd
contrary to the natural point of view, the impdrspectator's point of view offers him a
proper perspective on his situation. Usually, titéet overcomes the former, thanks to “self-
command”, which is a part of the virtue of pruder@®S p. 189). Transposed to the
character of the capitalist entrepreneur, this rmé¢hat although there is a natural tendency to
over-value the chances of success, another kinghiversality is also at work, so that the
impartial spectator’s point of view, which propexglue the chances of success and failure,
supersedes the natural one: the projector progedggduts an end to his over-valuating the
probabilities of high outcomes, and becomes a soiaer.

Stated more formally, this means that as the projdmecomes sober, his decision weights
come closer to the probabilities of the correspogdiutcomes, till the moment they match
them. This, of course, implies a parallel evolutminthe functiong of transformation of
probabilities: at the end of the process, wheninbesidual is sober enough, there is no more
difference between decision weights and probaddjtandp has become an identity function,
which transforms each probability in itself. Thenbeior of the sober man might therefore be
still represented by[22]a and b but, instead of the properties defined B§],[the
transformation function is such that

(pll — 0 [24]

which clearly implies, along witf22]b, thatr; = p; for eachi. In such a case, the difference
between rank-dependent utility and expected utdétgishes: far from being meaningless with
regard to Smith’s conception of risk, this latteerefore happens to be the limit case for the
sober man, when compared to projectors. Interdgtitigough expected utility now appears
as a convenient way to approach such behavioulnsasftthe sober man, it is the result not of
some rather demanding rationality assumption (tldependence axiom), but of the working
of a moral virtue, self-command, of which this dewiag rationality is a possible
consequence.

4.2. The scope of prudence

Leaving aside, as if it were some kind of black bitve details of the mechanism of
self-command which leads the sober man from hisrabfpoint of view to the impartial
spectator’s point of view (see, however, a sketch formal representation in Bréban 2011,
pp. 139-60), we rather focus on the formal implaras of such behaviour from the moment
when the impartial spectator’s point of view hagradopted. This leaves room to closer
investigation on what might be viewed as the cetyatomponent of the behavior of the sober
man: his valuation of the intensity of preferencét&e already know that(x) is concave
(u' >0 andu” < 0; see [19]), in order to express the greater Segitgitto unfavorable
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events. But carrying on with the bringing togetbéthe sober and the prudent man allows
being more specific. Again in th€heory of Moral Sentimentsn an already mentioned
passage from the first section of part VI, introgidian the 1790 sixth edition, Smith explicitly
gives a supplementary content to asymmetric seigito favorable and unfavorable events:

We suffer more, it has already been observed, wiefall from a better to a worse situation, than we

ever enjoy when we rise from a worse to a bettecuBty, therefore, is the first and the principhject

of prudence. It is averse to expose our healthfartmne, our rank, or reputation, to any sort atdrd.

It is rather cautious than enterprising, and mangaus: to preserve the advantages which we already

possess, than forward to prompt us to the acquisitif still greater advantages. The methods of

improving our fortune, which it principally recommds to us, are those which expose to no loss or

hazard; real knowledge and skill in our trade af@ssion, assiduity and industry in the exercisd, of

frugality, and even some degree of parsimony,lioa expencesTMS p. 213)
In these few lines, Smith introduces the principlgjlect of the virtue of prudence, “security”,
as an effect of our asymmetric sensitivity to falde and unfavorable events (“We suffer
more [...] when we fall from a better to a worse a&iton, than we ever enjoy when we rise
from a worse to a better”) and contrasts it witazard”, which refers to the probability of the
worst outcomes (an adverse event affecting “oultimeaur fortune, our rank, or reputation”).
That is to sayprudenceas a moral virtue also expresses a specific kindversion: not

necessarily toward any kind of risk, but at leastdrd a risk of loss.

Taking into account that, since his actions areanformity with the point of view of the
impartial spectator, the prudent or sober man behéike an expected utility decision maker,
so that this aversion does not concern decisiomght®i which could not move away from
probabilities. It therefore concerns the functidnvaluation of preferences(x) itself. To
avoid any confusion, we will refer to it hereaféer “embedded prudence”.

Again, this is not an unfamiliar issue. First, bhesm it takes the exact opposite view to, for
instance, M. Yaari's dual theory of risk (Yaari I98according to which all information
concerning attitude toward risk is embedded intthesformation of the probability function
— and not in the function of payment which remdinear. Secondly, because arguing, like
Smith, that for a prudent man, a risk of loss stidaé more particularly avoided, echoes the
idea that between two reductions in risk with mpagserving spread, the one concerning
losses and the other concerning gains, a prudentwila always prefer the former to the
latter: without any reference to Adam Smith, thisdkof attitude toward risk has also been
called “prudence” by M. Kimball (1998) Formally, it corresponds to a preference fordhir

1 The same notion of “prudence” was previously idet as “downside risk-aversion” by C. Menezes@eiss
and J. Tressler (1980). A general framework has blescribed by L. Eeckhoudt and H. Schlesinger§200
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degree stochastically dominating lotteries (TSDe ¥¢hitmore 1979 and, in an expected
utility framework, it means that the concavity ofx) is all the more pronounced that the
corresponding outcome is low. Or, still in otherrd® that the third derivative af(x) is
positive. This corresponds to a situation wheresihgle concavity ofi(x) assumed in [19]
is not restrictive enough to express embedded pagjend should be replaced by:

u(x) € U = {u(x):u' > 0,u” <0,u" =0} [25]

Obviously, [25] combined with an expected utilifyparoach [22]-[24]) gives an appropriate
account of theorudent(and, consequently, of tls®be) man’s behavior.

But it might be argued that its extension is stiller and concerns as well tieprudentman

— here, theprojector. This does not mean that, leaving risk asidendividual, either prudent
or imprudent, might be represented in the same (Bagban 2011, pp. 273-88) but that,
leaving aside with risk all other differentiatingpeects like intertemporal preferences or the
estimation of the consequences of actions, there issason why it should be represented
differently. Since security is, for Smith, a congenqce of asymmetric sensitivity which grants
a higher impact to unfavorable even®MS p. 213), and since this type of asymmetry
depends on the place of the individual’s ordinaappiness within a social scale which goes
from the “lowest depth of misery” to the “highestich of human prosperity"TMS p. 45; see
Bréban 2012), it does not depend on his attitudeatd risk (for instance, projector or sober
man), but only on its level of happiness. Thisadiyeprovides reasons to argue that a function
with embedded prudence [25] represents the underlyinction of intensity of preference of
both the prudent and the imprudent man, the diffis@ebetween them lying in the fact that,
though a rank-dependent utility approach can givapropriate account of both behaviours,
this approach vanishes into the particular casexpected utility for the formei{Z2]-[24]),
and of (non-expected) rank-dependent utility fa tter {22]-[23]).

But we also have other reasons. The example dbttery of the army, compared to that of
the sea, is of special interest. At the differeficem the case of the lottery of the law
compared to the lottery of common trades, the waugtome (remaining a private or a sailor)
corresponds to a better situation in the formetetgt which is also the preferred one. It has
been showngupra pp. 11sqg that such a preference might be explained byl-tiagree
inverse stochastic dominance of the second typ&O§Z). In a rank-dependent utility
framework, it can be argued that this property degenot only on the function of
transformation of probabilities(p) itself, but on the properties af(x) which, although

171sDis formally characterized as follows. LE{x) and G(x) be two different functions of cumulative
probabilities defined on an interval [a, b}, (x) = F(x) — G(x), H,(x) = f; H, (t)dt. Then,f; H,(t)dt <0
is equivalent t&F TSD G.
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increasing concave, also exhibits a non-negatid tterivative, that is, embedded prudence
like in [25]. On an appropriate subset of the pdilotteries ordered by TISD2, the concavity
of ¢(p) might therefore produce a risk-seeking attitud@bgrcoming the concavity of(x).
However, it might also respect the prudence invbIveTISD2, so that risk-seeking appears
as increasing with the outcome. On the contraryhéncase of the comparison of the lotteries
of the law and of common trades, SISD supposes th®atproperties ofp(p) have also
superseded the non-negativityidf.

If this interpretation is accepted, it would medmatt most individuals (actually, all those
whose ordinary state of happiness is high enough)patentially prudent, because of the
characteristics of their function of evaluation pkferences, already displaying embedded
prudence [25]. However, when they keepadural point of view on their own situation, this
potential prudence toward risk might be, in a centd risk-seeking, either hidden for some
people who prefer dominating lotteries in the senis8ISD (lottery of the law, preferred to
the lottery of the common trades), or disclosed,albthose who prefer dominating lotteries
in the sense of TISD2 (lottery of the army, preddrto the lottery of the séa)But when they
reach the point of view of thenpartial spectatorthe possibly contradictory action @fp) is
suppressed, so that embedded prudence involve@5h dlways gives birth to prudence
toward risk in the ranking of lotteries.

5. CONCLUDING REMARKS

The pages on lotteries in th@ealth of Nationssupplemented by the passages from
theTheory of Moral Sentiments prudence, give rise to some non-trivial proposs:

1. Preferences between lotteries can be expressedigthra functional RDU(L) =
Y miu(x;) (see[22]) which combines
e a certainty componenty(x;) which reflects the intensity of preferences on
possible outcomes;
* a risk componentr; which, when different from probabilitieg;, shows how
probabilities are transformed into decision weights
2. The properties of the certainty componefit) depends on the position of the individual
concerned in a social scale of happiness. For mmostiduals, it implies that(x) is
concave (greater effect of an unfavorable evergpBn 2012), with a non-negative third
derivative (embedded prudence, see [25]).

1 In another framework, D. Crainich, L. Eeckhoudd @ Trannoy (2011) supported the idea that a oekiad
of risk-seekingrhixedrisk-seeking) is consistent with prudence.
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3. The decision weights; (risk component) depend on a transformation obabdities
according to their ranks; = o(X7-;p;) — (X711 p;), With (0) = 0 andep(1) = 1.
The assumed concavity ¢f (optimism toward risk, in rank-dependent utilityodels) is
an expression of the over-valuation of the chamesiccess and of the under-valuation
of the chances of failure (see [23]), which Smittk$ to the balance between fear and
hope.

4. The point of view of an individual on his own sitiwm goes from the natural
(imprudence) to the impartial spectator’s (prud¢rmaint of view (Bréban 2014), and
determines his ranking of lotteries through the ssgjoent modifications of the risk
component — and not of the certainty componentiutieés toward risk of both typical
points of view are characterized as follows:

* Natural point of view (imprudent individual; sg&2], [25], [23])
u(x):u' >0,u" <0,u"" >0
o' >0¢0" <0
This allows for the risk-seeking attitude, in thense of preference given to
dominating lotteries according to a subset of S(§d) or TISD2 (where risk-
seeking comes along with prudence toward risk;)[1hat Smith describes and
illustrates in the pages on lotteries from Wealth of Nations
» Impartial spectator’s point of view (prudent indlual; sed22], [25], [24])
u(x):u' >0,u" <0,u"”" >0
' >0¢0"=0
This prudent behavior can be equivalently descrititer as a limit-case of rank
dependent utility withp”” = 0, or through a standard expected utility approach
with m; = p;, so that the properties of the utility functioncamporate both
prudence ¢'"' > 0) and adversity toward riski{ < 0), such as found in some
positive figures of economic agents in ivealth of Nations

5. An intra-individual transformation, based on “setfmmand”, from the natural point of
view into the impartial spectator’s point of vieBréban 2014), is successfully carried out
for some individuals, and gives rise, along withdence, to the progressive prevalence of
aversion toward risk. This is achieved in spitethed universal tendency which leads to
over-value probabilities of success and under-vpiobabilities of failure.

These propositions perform a sophisticated junctueeveen elements rooted in Adam
Smith’s economic and moral works, in which we cakn@wledge a complete theory of
behavior under risk.
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