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WEAKLY DEPENDENT CHAINS WITH INFINITE MEMORY

PAUL DOUKHAN®-2) AND OLIVIER WINTENBERGER ?

ABSTRACT. We prove the existence of a weakly dependent strictly stationary solution of the
equation X; = F(X¢—1, Xt—2, X¢—3,...;&) called chain with infinite memory. Here the inno-
vations & constitute an independent and identically distributed sequence of random variables.
The function F' takes values in some Banach space and satisfies a Lipschitz-type condition. We
also study the interplay between the existence of moments and the rate of decay of the Lipschitz
coefficients of the function F'. With the help of the weak dependence properties, we derive Strong
Laws of Large Number, a Central Limit Theorem and a Strong Invariance Principle.

1. INTRODUCTION

Statistical inferences heavily rely on the underlying model. Processes may have different repre-
sentations. Thus they belong to different classes of models. In this paper, we introduce a chain
with infinite memory as the stationary solution of the equation

(11) Xt = F(Xt—17Xt—27Xt—37 . ;é}), a.s. for t e Z,

where F takes value in a Banach space. For details, see section B.]. The dynamical behavior
described by ([[1]) corresponds to a large variety of times series models. Those models can be seen
as natural extensions, either of linear models or of Markov models. In the sequel, the innovations
& constitute an independent and identically distributed (iid) sequence. Various representations
use such innovations. For instance, the case of causal Bernoulli shifts X; = H (&, &—1,...) was
studied by Wu [BT]. But several Bernoulli shifts, such as Volterra series, may not fit the parsimony
criterion and the function H may be non-explicit. This is a drawback for statistical inferences in
that context. Markov models are preferred in various applications e.g. in finance, hydrodynamics,
physics, see [[[1], P§. Kallenberg [RJ stresses the fact that all the p-Markov processes are solutions
of equations of the type:

(12) Xt - F(thly"'athp;gt)-

Bougerol [3] gave conditions of Lyapunov type for the existence of a stationary solution to Sto-
chastic Recurrence Equations (SRE), which are particular cases of ([[.2).

Other approaches than ([[.1)) to modeling processes which do not satisfy the Markov property al-
ready exist; the Random Systems with Complete Connections (RSCC), see 21, and the Variable
Length Markov Chains (VLMC), see []. Such models are widely used in the fields of particle
systems or in DNA data analysis. These processes are defined through their conditional distribu-
tions. Their existence relies on assumptions on the conditional expectations, following the work of
Dobrushin [I(]. Notice that Berbee [} obtained another existence condition for the cases where
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2 P. DOUKHAN AND O. WINTENBERGER

the state space is discrete, see also [f, [[g].

Dobrushin’s condition implies mixing, see [[J, B1]. Mixing coefficients are useful to derive as-
ymptotic theorems for various functionals of a stationary sequence, see Rio [B(]. However, major
asymptotic results still hold under so-called weak dependence conditions, see section R.3, [N, [[3]
and the recent monograph by [i]. The Central Limit Theorem (CLT) in Dedecker and Doukhan
[A] holds if the 22 In(1+ x)th moments of X are finite and if the process is weakly dependent with
geometric decay of the coefficients. Because weak dependence is less restrictive than mixing (see
Andrews [[[] for an example) this result extends the CLT for mixing sequences due to Rio [B.

The conditions for the CLT are expressed in terms of Orlicz functions that balance the moments
of some order and the weak dependence conditions.

The existence of a stationary solution to (EI) is proved in section B.9 under a specific Lipschitz
type assumption on F', see (@) below. Approximation by suitable Markov processes is the main
tool for the proofs given in section [J. This existence condition also yields finiteness of moments
of some order in terms of Orlicz functions. We get bounds for the weak dependence coefficients of
the solution to ([.1]). We use these bounds to derive sufficient conditions on F' in term of Orlicz
functions and in turn to prove a Strong Law of Large Numbers (SLLN), a CLT and a Strong
Invariance Principle (SIP), see section B.3. We discuss the generality of our model in section [
comparing it with existing ones. But to begin with, we introduce some notation and we define
useful tools such as weak dependence and Orlicz spaces.

2. PRELIMINARIES

2.1. Notation. In the sequel, the iid innovations & for t € Z take values in a measurable space
(E', A). Let || - || denote the norm of a Banach space E. The space E(*) is the subset of EN
of finitely-non-zero sequences (zy)r>o such that there exists N > 0 with x = 0 for k£ > N. Let
E be endowed with its Borel o—algebra A, then E(®) is considered together with its product
o—algebra A®N. The function F in (1)) is assumed to be a measurable function from E(>) x E’

with value in E. Moreover || - ||, denotes the usual L™-norm, i.e., | X[ = E||X||™ for m > 1
for every E-valued random variable X. For h: E — R, we denote ||h| s = sup,cg |h(x)| and
h(xz) —h
Lip(h) = sup M
ary 17—l

The space Aq(E) is the set of functions h : E — R such that Lip(h) < 1.

2.2. Weak dependence. An appropriate notion of weak dependence for the model ([[1)) was
introduced in [{]. It is based on the concept of the coefficient 7 defined below. Let (©2,C,P) be
a probability space, M a o-subalgebra of C and X a random variable with values in E. Assume
that || X||; < co and define the coefficient 7 as

T(M,X) =

sup{\ [ 1@Pxtan) - [ r@px(an

with f € A, (E)}

1

An easy way to bound this coefficient is based on a coupling argument:

(M, X) <[[X =Y
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for any Y with the same distribution as X and independent of M, see [§]. Moreover, if the
probability space (€2,C,P) is rich enough (we always assume so in the sequel) there exists an X*
such that 7(M, X) = || X — X*||;. Using the definition of 7, the dependence between the past
of the sequence (X;)icz and its future k-tuples may be assessed: Consider the norm ||z — y|| =
21— y1l| + - + |z — yi|| on E¥, set M, = 0(X;,t < p) and define

1 . . .
T(r) = 1rgla<>ggjsup {T(Mp,(le,...,le)) withp+r<ji<---< ]l},
Too(r) = sup7g(r).
k>0

For the sake of simplicity, 7 (r) is denoted by 7(r). Finally, the time series (X;)iez is T-weakly
dependent when its coefficients 7(r) tend to 0 as r tends to infinity.

2.3. Orlicz spaces. Orlicz spaces are convenient generalizations of the classical L"™-spaces, we
refer to [R4] for the introduction and properties of such spaces. Let ® be an Orlicz function, i.e.,
defined on R, convex, increasing and satisfying ®(0) = 0. For any random variable X with
values in E, the norm || X||¢ is defined by the equation

X
IX||¢ = inf {u > 0 with E® (H) < 1} .

U
The Orlicz space L® is given by

L? = { E-valued random variables X such that ||X|¢ < co}.

It is a Banach space equipped with the norm || - ||¢. For m > 1 and ®(x) = 2™, notice that L®
is the usual L™-space. We restrict ourselves to Orlicz functions ® satisfying the condition:

(2.1) For all z,y € RY, O (zy) < P(x)P(y).

This class of Orlicz functions is sufficiently large. For instance, the functions ®(x) = =™ and
®(z) = 2™(1 + In(1 + )™ satisty (B-1)) for each m > 1,m’ > 0. Moreover, if ¢ is any Or-
licz function satisfying the Ag-condition (there exists k& > 0 such that ¢(2z) < k¢(x)) then
®(x) = sup,~ ¢(zu)/d(u) is an Orlicz function satisfying (R.1]). Various examples of Orlicz func-
tions satisfying the As-condition are given in [R4].

Later, in theorem B.J we will need some transformations of Orlicz functions. Given such a function
®, we define for g > 1,

(2:2) by(x) = zlig{(wy)q‘l — 3(y)/y}.

The transformations ®,(x) have simple bounds for certain choices of ®, see lemma for details.
In particular, if ®(z) = 2™ for m > ¢ > 1, then &)q(az) < zm=De-1)/(m=a)  Another useful
example is the one of ®(z) = z%(1 +In(142)) D@D and &, (z) < exp((g — 1)/ +)) 221 for
any ¢ > 1 and b > 0.
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3. THE RESULTS

3.1. Assumptions. The existence of a solution to ([.I)) will be proved under a Lipschitz-type
condition. We express it in terms of some Orlicz functions in order to be able to work with
moments more general than power moments, see theorem B.1. These moments will be needed to
establish the asymptotic results of theorem B.3.

Assume there exists an Orlicz function ® such that for all z, y in FE(°):

(3.1) 1P (w:60) = Fly&o)le < Zajumj il
where (a;);>1 is a sequence of nonnegative real numbers such that
(3.2) a = iaj < 1 and

(3.3) o = [F(0,0,... 560y < oo

The Lipschitz property of F and the moment assumption (B.3) induce that || F(c;&)||e < oo for
any constant ¢ € E(). We choose ¢ = (0,0,...) in condition (B-3) for convenience.

3.2. Existence, moments and weak dependence. The following theorem settles the existence
of a solution to ([L.J]). It also states that the ®th moment of this solution is finite.

Theorem 3.1. Assume that conditions (B.9) and ([B.3) hold for some Orlicz function ® satisfying
(Bl). Then there exists a T-weakly dependent stationary solution (Xi)icz of ([L1]) such that
| Xolle < oo and

o
M1 r/p 1
< e .
7(r) 21—a151f<r ¢ +1_ak2;1ak -0 s T
=p

The proof of the existence of a solution to ([[.1) is given in section [p.q expressing it as the limit of
the p-Markov processes defined in ([.3). The weak dependence properties are proved in section
b4

Remark 3.1. We also prove in section [J that there exists some measurable function H such
that Xy = H(&,&—1,...). This means that the process (X¢)iez can be represented as a causal
Bernoulli shift. For those processes, conditions (B.9) and (B.3) together imply the Dobrushin
uniqueness condition, see [I(]. Thus (X;)ez is the unique causal Bernoulli shift solution to ([.1]).
Moreover, as a causal Bernoulli shift, the solution (X})iez is automatically an ergodic process.
Under the conditions of theorem B.I], the solution to (L) has finite ®th moment. From lemma
B.3, (X¢)tez has also finite first order moments. The ergodic theorem yields the SLLN for any
chain with infinite memory under the assumptions of theorem B.1.

Corollary 3.1. Under the assumptions of theorem [3.1, there exists a T-weakly dependent sta-
tionary solution (X;)iez to (L) such that | Xo|le < oo and 7(r) < 2u1(1 —a)~t /P forr > p.

Dedecker and Prieur [E] proved the existence of a solution to (E) They stated that there exists
0 < p < 1and C > 0such that 7(r) < Cp". Applying corollary B.1], we get the bound p < al/?.
The bounds of the weak dependence coefficients in theorem B.1] come from an approximation with
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Markov chains of order p and from the result of corollary B.1]

In theorem B.1], the 7-weak dependence property is linked to the choice of the parameter p and
then to the rate of decay of the Lipschitz coefficients a;. For example, if a; < ce P we choose

p as the largest integer smaller than \/—1In(a)r/S to derive the bound 7(r) < Ce VvV~ (@8r
for some suitable constant C' > 0. If a; < cj~P, we choose the largest integer p such that
plnp(l — B)/Ina < r. Then there exists C' > 0 such that 7(r) < Cp'~”. Notice that Inr is
smaller than Inp+ Inlnp up to a constant and that Inr/r is proportional to 1/p(1 + Inlnp/Inp)
and then equivalent to 1/p as p tends to infinity with r. From these equivalences, we achieve thus
there exists C' > 0 such that 7(r) < C (Inr/r)° .

A similar result as the one of theorem B.1] was obtained for discrete state space models (as RSCC)
in [Rd]. They gave bounds for the mixing coefficients under conditions on the marginal distribu-
tions of the innovations. The bound in [R(]], theorem 2.1.5 on page 42, is similar to the one for
7(r) in theorem B.1. In a sense we extend their result: Here the innovations are not supposed
to be absolutely continuous and our approach can be applied to discrete state space processes as
well, see the example of the Galton-Watson process with immigration in section f.

Bougerol gives in [[J] a recursive approximation of the stationary measure in the Markovian case.
In proposition B.1 below we generalize this result to the infinite memory case. Let ¢y, : EF-1xE —
E be the random function defined as = — F(x,c; &), for each k > 2 and some fixed sequence
c=(c1,¢9,...) € E(>), Write X1 =¢1 = ¢(c; &) and define recursively

jzn = ¢n(jzn71a cee 7)21)-

Proposition 3.1. Assume that conditions (B.4) and (B.3) hold for ® satisfying (R.1)). If (Xt)iez
is the solution to (L)) then

| Xolle +¢

~ 1 >
||XT—XTH<1><‘ inf ar/p—l—m Zak —0 as 11— o0,

l—a 1<pgr M
where € is a constant such that ||c;|| < € for all i > 1.
The proof of this proposition is given in section [f.g.

3.3. Asymptotic results. In this section, £ = R. We give an appropriate condition on F' (see
(B-4) below) that leads to versions of the results of Dedecker and Doukhan [fj] and Dedecker and
Prieur [§] obtained under weak dependence.

Theorem 3.2. Assume that conditions (B.9) and B.3) hold for some Orlicz function ® satisfying
(1) and assume there exists co > 0 such that

(3.4a) Zakffq(cok) < oo if there exist p > 1 such that Zaj =0,
k>1 J>p

(3.4b) Z ak;IEq —cokIn <Z aj) < oo  otherwise,
k>1 =k

where ;ISQ is defined in (R.9). The following relations hold:
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n
SLLN: Ifq €]1,2[ then ~ n /7Y (X; —EXg) —noo 0,  a.s.
=1

[nt]
1

CLT: If ¢ = 2, then NG g (X; —EXy) g oW (t) as n — oo

n

1=1

o0
where 0% = Z Cov(Xo, X;) is finite and W (t) is the standard Wiener process.
i=—00
SIP: If ¢ = 2 and if the underlying probability space is rich enough then there exist inde-
pendent N (0, 0?)-distributed random variables (Y;);>1 such that

n

Z(XZ- —Y)) =o(vVnlnlnn) a.s.

i=1

The proof of this theorem is given in section p.J.

Note that #2In(1 + 2)th moments are necessary to get the CLT for weakly dependent processes.
See [[[§] for an example of processes, solutions of ([.J) for p = 1, that do not satisfy the CLT
under conditions (B.3) and (B.J) for ®(x) = z2. Note also that approximations by martingale

difference as in [2§] or projective criterion as in [R7] give the CLT under weaker assumptions for
some of the examples treated in section [i.

Condition (B.4d) is relevant for the Markov solution (X¢)iez to ([L.9), i.e., when 3>, a; = 0.
For the other cases, we rewrite assumption (B.4H) for various rates of decay of the Lipschitz
coefficients a;. Let a, b, c be some positive real numbers then

(B.44) If ap, < ck™?, Za;ﬁ)q (coklnk) < o0 for some ¢g > 0.
k>1

(B.4d") If ap, < cexp(—akzb), Zakéq <cokz1+b> < 0 for some ¢y > 0.
k>1

For instance, condition (B4d’) holds if ®(x) = 2™ for m > gand a > 1+ (¢—1)(m —1)(m—q)~".
Condition ([B:4q") holds for ®(x) = z9(1 + In(1 + x))1+D@=1 " Applying theorem B3, the CLT
and the SIP hold for sub-geometric rates of decay of the Lipschitz coefficients as in (B.4d”) under
a moment condition of the order z%(1 + In(1 + z))'*+?.

4. EXAMPLES

In this section, we present some examples with £ = R? and d > 1. We consider the finite
memory case as well as an infinite memory extension of Stochastic Recurrence Equations (SRE).
In particular, we consider the example of the Galton-Watson process with immigration which
satisfies the conditions of our results, but it is not a SRE in the sense of [J].

4.1. Markov models.

SRE. We consider an iid process (¢¢)icz of random Lipschitz maps with ||¢:(z1) —
ot(y1)]l < L(o)||x1 — vl as. for all z1,y1 € E and t € Z. Moreover let ¢(z) be
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measurable for every fixed x € F and t € Z. If a stochastic process (X;)iez with values
in FE satisfies the equation

X1 = e(Xy) as., forall t € Z,

we say that (Xy)iez obeys the SRE associated with (¢;)icz. We write this equation as in
([2) setting & = ¢¢ for t € Z, and F(z,z) = z(z) for z € E and z € E’', the space of
Lipschitz random functions. In this case, conditions (B.3) and (B.3) become

[L(@)le <1 and  [¢o(0)[le < oo

Weaker conditions related to a Lyapunov exponent for the existence of an a.s. solution to
a SRE are obtained in [J]. However, that result does not yield the existence of moments
nor asymptotic results as those in theorem B.J. We also mention the survey article by [d]
for an overview and other nice application of SREs.

Nonlinear autoregressive models. Here we consider a solution to ([.1), where E' = E
and F' admits the representation

F(xi,...,zp;8) = R(x1,...,2p) + 5.
Condition (B.9) becomes

P
1Ry, yp) = Rlar, )l < D aglley — gyl with Y aj <1,
j=1 j=1
and condition (B.3) coincides with |||l < co. Results similar to those in theorem B.2
are obtained by different methods in [17].
Galton-Watson processes with immigration. If £ = R, a Galton- Watson process
with immigration is given as a stationary solution of the equation

Xt—1
(4 1) Xt = Z Ctyi + Ct, if thl > 0’
. ) =t
0 if Xy 1=0.

Here ((ti)tez,i>0, (Ct)tez are independent iid families of integer-valued random variables
and E' = NV is equipped with the product measure. We can write X; = F(Xy1,&) with
F(m, (ui)i>0) = U +Z?:1 u; if £ > 0 and F(O, (ui)i>0) =0 for any (ui)i>0. If y1 >x1 >0
then F(.%', (ui)i>0) — F(.%', (ui)i>0) =y L Wi thus

i=x

1
IF(z1,%) — Fyr,&)lle = || Y oilly = lyr — 21lllo0lle-
i=x1
Assumptions (B.2) and (B.J) hold as soon as ||(poll¢ < 1. This model is not a SRE if
Co,0 is not finitely supported, thus we are not under the conditions of [f]. Other non-SRE
examples which can be treated by our approach are given in [R2].
4.2. SRE with infinite memory. Infinite memory extensions of classical SRE are solutions of
the equation

{ X = ¢p(Xi—1, Xp-2,...) a.s.,
19e(2) — P (Il < 2= Li(@)llwi —will, aes.
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for all x = (2;)i>1,y = (Yi)i>1 € E(®). Here (¢)ez is an iid process of random Lipschitz maps.
If > i1 [1Li(¢)]le < 1 then conditions (B-2) and (B.3) are satisfied. Some examples with this

representation follow.

Non Linear ARCH(oo0) models. Here (X;);ez is the stationary solution of the equation

(o.]
Xe=& a+) aj(Xiy) |,
j=1

where & is a d x k matrix, £/ = M;4(R), a € RF and «; : E — R* are Lipschitz
functions. The LARCH(oc0) model of [19, E] corresponds to the special case of linear
functions a;(x) = cjo with k x d matrices ¢;. Assumptions (B.2) and (B.3) hold as soon
as [|olle -5 Lipaj < 1and 3,5, a;(0) < oo.

Models with linear input. Let f : R¥ x E/ — E be measurable and satisfy || f(t,&) —
f(s,&)]le < L ||t — s|| for some finite constant L > 0. We consider

Xi=f(An&), A=) c¢Xi,
=1

where ¢; are k x d matrices. Relations (B.) and (B.J) hold if L o, l¢j]l < 1 and
£(0,&0)|la < co. These models are used in statistical mechanics, see [R7].

Affine models. Let us consider the special case of chains with infinite memory that can
be written in a bilinear form

(4.2) Xy = Mi& + [

where My = M(X;—1,X¢—9,...) and fy = f(X;—1,X;—2,...) are both Lipschitz functions
of the past values X;_1, X;_2, X;_3,.... Applying theorem B.1] under the condition

o o
I€olle Y _Lip M; + > Lip fi < 1,

i=1 i=1

there exists a weakly dependent solution to ({.9). This class contains various time series
models (such as ARCH, GARCH, ARMA, ARMA-GARCH, etc.). In the appendix we
prove the existence of the joint densities of the solution to (.3). This result and the weak
dependence properties obtained in theorem B.1 are needed for achieving optimal rates of
convergence of nonparametric estimators, see [29].

5. PROOFS OF THE MAIN RESULTS

After some preliminaries in section p.J], in section .9 we construct a solution of the Markov
model ([.7). We use it to approximate the solution to ([.]). The existence of a solution to ([L.1]),
presented in theorem B.1, is obtained as p — oo in section p.3. Its weak dependence properties
are derived by coupling techniques in section [.4. Using weak dependence results of [f, ], we
prove theorem B.2 in section f.§. Finally, we derive the proof of proposition B.1 in section p.§.
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5.1. Preliminaries. We first present four useful lemmas. The first one aims at bounding the
transformations ®, for ¢ > 1, the other ones are used in the proof of the existence of a solution

of ([L.1)).

Lemma 5.1. Assume L is an increasing non-negative function on [0,00] and write L' for the
generalized inverse of L, i.e., L™1(z) = inf{y > 0 with L(y) > x}. If ®(z) = 27L(z), = > 0,
for some q > 1 then

d,(z) < (:ULil(ﬂ:qfl))qil for all x > 0,

Proof. From (R.4), we have Ciq(x) = sup,~o{y? 1 (z97 — L(y))}. We restrict ourselves to y <
LY (297 1) otherwise y?1(z% ' — L(y)) < 0. Now notice that the first term of the product
y9~ 1 (297! — L(y) is increasing and the second term always remains smaller than x9~!. This
proves the lemma. O

Lemma 5.2. Assume that the Orlicz function ® satisfies [R.]). Let & and ¢ be independent
random variables, z a measurable function and Z = z(§,(). We write E¢ for the expectation with
respect to the distribution of £&. Define

(5.1) 126 Olleg = inf {u > 0 with Be®([|2(s, ¢)[l/u) <1}
Then [[Z]le < 1 Z]l2lly -

Proof. One needs to prove that E®(Z/||||Z||o¢lo) < 1:

7 A
oo (2 ) e (2 e ) ol (2 Ya(12es ),
MZTeells [Zlog MZle.clle 1Zloe ) \TZlwclio

The last inequality follows from (R.1). By independence of ¢ and ¢ and by (f.1])

Z Z Z Z
o ( ) <efo (2 Yoo (2] <o (e )
1ZTo.elle 1ZTa ¢l 1ZTec 120 el

We conclude by using the definition of the norm || - ||¢. O

Lemma 5.3. If the Orlicz function ® satisfies (1) then for any E-valued random variable X
we have || X1 < | X||e-

Proof. Using Jensen’s inequality, we obtain

A1X1
E¢Qmm>>¢“’

Note that ®(1) < ®(1)? by (R.1) and then that ®(1) > 1. We conclude that || X||; < || X|le by
using the definition of the norm || - ||¢. O

Lemma 5.4. Let ug > 0 and (up)nez be a real sequence such that |uy,| < ug if n < 0. Assume
that

P
(5.2) Uy = Z Aily—i, Vn >0,
i=1
where ay, ..., a, are fived nonnegative numbers with a = > %_; a; < 1. Then,
sup up < a™Pug, Vn > 0.

k>n
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Proof. By a recursion argument, one first shows that supyc,, ux < ug. Then (u,)nen is bounded
by ug. Let v, = supys,, ug for n € Z. Using the relation (p.2), we get v, < avy,_p for all n > 0.

Then recursively v, < a*[*”/p}vnﬂ,[,n/p}. From |u,| < wup if n <0, Uptpl—n/p] = Vo = ug because
n + p[—n/p] < 0. The result follows from —[—n/p] = n/p. O

5.2. p-Markov stationary approximations. In order to construct a solution to ([L.I)) we con-
sider, for each fixed p > 0 and ¢ > 0, the p-Markov process (X, 4¢)i>0 defined by X, ,; = 0 for
t < —q and the recurrence equation

(53) Xp qt = F(qut—la ce Xp q7t—p70 O e 7§t) if t> q.

Using the notation of lemma p.J with £ = & and ¢ = (X, 41, Xpg.—2,...) and (&, () = F((,§),
the Lipschitz condition (B.1]) implies that

1 Xpg+1.0 — Xpgollog < Zaz\|qu+H— Xp.g—ill-

Applying lemma .3,

Xpar0 = Xpaolle < WXpasro = Xpaollello
< q+1 —i = pq7—ZH
®
< Zaz [ Xpg+1,—i = Xpg—ill
< Z ai || Xp,g+1-i,0 — Xpg—iollg -

The last inequality follows from the fact that by the definition of X, , _; and X, ,—;0, these
quantities have the same law for each triplet of positive integers (p,q,i). We now consider
Vp = | Xpnt1,0 — Xpnollg for n € Z, with v, =0 if n < 0. For n > 0

p
< E Q;Un—;.
i=1

From lemma .4 we obtain
v < a"Pug < a"P | Xpolle < a™PIF0,0,.. 5 &) ]le < a" P

Hence, for each p, (Xp.n.0)nen is a Cauchy sequence in L®: it converges to some Xpo € L®. From
its construction, it is clear that X,,,, o is measurable with respect to the o—algebra generated by
{&,t < 0}. The L®-convergence ensures that this is also the case for X, . Hence there exists
some measurable function H), such that X, o = H,(§,£-1,...). Asn T oo, a continuity argument
on F' implies that X, o = F(X, -1,...,Xp—p,0,0,...;&) and shifting the lag ¢ € Z leads to the
equalities,
Xpﬂg = Hp(é-ta étfl, ét,Q, . ) = F(Xpﬂg,l, e ,Xpﬂg,p, 0, O, e ,gt)

Then the sequence (X, ¢)tcz is a stationary solution of the recurrence equation (B.9) for each
p = 0.
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Consider

pap = [ Xptlle, Agpt = [ Xpr1t — Xpille,
The definition of pe ) given here for p > 0 extends to p = 0 since Xo; = F(0,0,...;&) satisfies
| Xo,tlle = pa by eqn. (B.3).

Lemma 5.5. Assume conditions (B-9) and (B-3) hold for some Orlicz function ® satisfying (.1)).
Then

Ho
[id,00 = SUD L p < and  Agp=supAspt < Gpt1 77— 3
>0 P 1l-a P e P P (1 —a)?

Proof. From eqn. (B.2), we have that

p
paop < | Xpe — Xoalle + po <D aj| Xpijllo + po < pap ¥ aj+ e,

J=1 J=1

hence po, < (1 — a) ‘e and Pdoo < (1 — a) ‘g follow. In a similar way, we obtain the
inequalities

A@,p,t = HF(Xp'i‘l,t—h"' 7Xp+17t—p—170707--- 7§t) —_ F(Xp,t—17--- 7Xp,t—p70707--- 7&5)“@
p
< aj[| Xpt1,-j — Xpi—jlle + apr1| Xpt1,e—p-1lle
7j=1
p
< ;A pt—j + api1l| Xpia,0lle-
7=1

This implies that Agp, < ap+1(1 — a) e py1 and the result of lemma [ is shown. O

5.3. Proof of the existence of a solution to ([.1). Note first that lemma [.§ implies that
Xpt —pooo Xt In L® since this space is complete. The continuity of F ensures that X, is
a solution of eqn. ([.1). Furthermore, as a limit in L% of strictly stationary processes, X; is
also stationary (in law) and || X;||l¢ < oco. Finally, X; = H(&,&_1,...) is the limit in L® of
Xpt = Hp(&, 61, - ).

5.4. Proof of the weak dependence properties. The weak dependence property of a solution
to ([L.1)) is formulated in terms of the L'-norm in the definition of the coefficients 7. As shown
in lemma p.3, || X||; < || X||¢ for any E-valued random variable X. Then assumptions (B.3) and
(B.3) are always satisfied replacing || - ||¢ with || - ||1. We first prove corollary B.1]:

Proof. We use coupling techniques to evaluate the coefficients 7, see p.l. Let (&))icz be an

independent copy of (§;)icz. We define the process (X )iz as

X%, = { F(Xét_l, e ,Xé’t_p,0,0, .38, fort <0

v F(Xpi 1y X5, 0,0,...58), fort>0;

Using similar arguments as section .3, there exists a sequence of measurable variables with respect
to the o—algebra generated by &/, < 0 denoted by (X;,m(])nGN such that it converges in L% to
Xpo0€ L®. The L®-convergence ensures that X, o are also measurable variables with respect to
the o—algebra generated by &/,¢ < 0. Then, by definition of &}, < 0, X, o 1s independent of
Xp,0- If there exists a non-increasing function d,(r) of  such that || X, . — X5 .|l1 < d,(r), we have
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Tpr < 0p(r). This follows from the coupling property of weak dependence coefficients 7 explained
in [§].

Assumption (B.3) and lemma f.J yield

p
1Xpr — X501 <) aill Xp i = X5, il
i=1
Denoting w, = || X, —X .[[1 for r € Z, we again use lemma .4 and the relation ||F(0,0,...:&)|l1 =
1 to obtain

w, < ar/pwo < 2,ular/p < 21'u1 a’'P.
—a
Now choose 6, (r) := 2u1(1 — a)~*a"/P leads to the result of corollary B.1. O

Now we finish the proof of theorem B.1] defining the process (X} );cz as the solution of the equations

* F(X;—laX:ft—Z"-';gg)a fortgo;
tez F(X; |, X} o, ...3&), fort>0;

We remark that (X;); is also a stationary chain with infinite memory. Lemma p.5 gives
o0 M [e o]
1
| X7 — Xprll1 < kZAl,k < m kzak-f-l-
=p =p

The same bound holds for the quantity || X;" — X |[1. For each integer p,

e}
136 = Xl < 10 = X b ¥ = 5l 17 =2, <2720 | P B 720 )

Because this bound is non-increasing with r, we conclude the weak dependence properties in
theorem B.1 by using the coupling technique.

5.5. Proof of theorem B.2. First we recall the assumption (D(q)) of [| for ¢ > 1,

I Xoll1
(D(q)) /0 (1/2) 1 (w)?1Q*1 o G(u)du < oo,

where (7/2)71(u) = inf{k € N/ 7(k) < 2u}. Here Q denotes the generalized inverse of the tail
function z — P(|Xo| > z) and G the inverse of z — [ Q(u)du. Dedecker and Doukhan proved
in [ the SLLN and the CLT under (D(q)) for respectively 1 < ¢ < 2 and ¢ = 2. The SIP is
proved in [§ under (D{q)) for ¢ = 2. Write A(p) = 3.5 a; and A~! its generalized inverse
A7l (u) = inf{k € N/ A(u) < u},
U, (x) = @(xl/(qfl))/xl/(qfl) and \I!Z(x) = sup{zy — Yy (y)}.
y=0

Noticing that A~ (u) = k on JA(k — 1); A(k)] and that ®,(z) = i (x?71), there exists C' > 0
such that

JjZ2p

/Oa Dy (co(A™H (u) — 1) In(u)) du < CZakEI;q cok‘(l — Iy ay>0pIn <Z aj>>

k>1 Jjzk
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Then assumption (B.4) implies that we work under the condition

(5.4) /O ' v <(CQ(A_1(U) ~1) ln(u))q_1> du < oo.

We want to prove that condition (§.4) implies (D{q]) for all ¢ > 1. The first step is to prove the
bound

(5.5) (r/2) () < <A1 (%u) - 1) in () ,

141 Ina
Theorem B.J] gives (7/2)7!(u) < inf B with

l1—a

{kz € N such that Ip > 1 Wlth it <ak/p + A(p + 1)) < u} .

Set v = (1 — a)(2u1) 'u, the integer p* = A~1(v) — 1 is close to the infimum of B. Then all
integers k with a*/?" < v belong to B, as for instance k* = [(A~'(v) — 1)Inv/Ina] which is
then larger than (7/2)7!(u) by definition. Observe that A=!(v) = 1 as soon as v > a, thus
[(A~Y(v) = 1)Inv/Ina] =0 for v > a.

Using this estimate of (7/2)~! in (5.§), condition (D{q)) holds if
a —1(,) _ p—1

(5.6) / [(A ) 1)lnv] QoG < 2 v) dv < oo.
0

Ina 1—a

Let ¥ be an Orlicz function and U*(z) = SUp,~ {7y — U(y)} be its Young dual function. For any
functions f and g, Young’s inequality gives:

/Oa f(x)g(x)dz < 2inf {c > 0 with /Oa{f; (@) dz < 1}
xinf{c>0with /Oaffz* (%@) dxgl}.

In the following we apply this inequality with and U = KW, for some K > 0, f(z) = Q1o
G(2u1(1 — a)~tz) and g(x) < ((A~(z) — 1) In( 1/m)(—lna)*1)q*1. Note that the Young dual
function is here U*(z) = KU'(x/K) and then [ f(x)g(x)dz is equal to the left hand side term
(b.6) up to the choice of the constant K > 0, see below In view of Young’s inequality, the first
term in the bound of (f.6]) thus expresses as the infimum over ¢ > 0 such that

loe [P 0Qost
21 Jo ( ) /e
Replacing G(u) with z, one obtains the simpler inequality:

— 1 —
Kl “/ <1><%> cdr — KX “cE<1><|X°|> <1
21 Jo c 2p1 c

The last equality is set using the definition of Q(z). If assumption (B.J) holds, the last inequality
is satisfied for K = 2/;1/@1 and ¢ = pg(1 —a)™ L.

< 1.
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The second term of the Young inequality expresses as the infimum over ¢ > 0 such that

(5.7) K/ v ( (z) = 1) In(1/w))™" 1) dz < 1.

K(—1Ina)?1c

Because 5(1(35) = Wi(x7 1) we check that
fo g (co(A™ (w) — 1) In(u)) du vV 1
(K A1)(=Ina)p—1
satisfy the relation (5.7). It is obvious by (b.4) that ¢; < co and then we proved the implications
B.4) with ¢ > 1 = (5.4) with ¢ > 1 = (D(q)).

This ends the proof as the results of theorem B.3 are versions of the results in [, f§ that hold
under assumption (D(q]).

= C1

5.6. Proof of proposition B.1. Let n be a fixed integer and s, < n — 1. Let (Xt)tez be the
stationary solution of X; = F(X;_1,X;2,0,0,...;&). The Lipschitz assumption (B.I]) implies
for1<k<n

k—1
“Xk—Xk“ Za' _ _kaz' q)—i—ZaiHXo—cin).
=1 ik
The sequence vy = H)Z'/H_l — Xk+1‘ , k=1,2,... satisfies the recursion

k
Zavkj—i—uk for all k>1
7=1

where u = (|[Xolle +72)>_,-pa; for k > 1. Notice that uy |x—cc 0. We first prove the bound-
edness of (vg)ren. Let ¢ be a fixed integer. For all k such that £ > k, vy < asup;<pv; +ui. We
deduce that sup;<,v; < up. Finally [[v] < al|Xolle/(1 — a).

Now for all integers k,s > 1 such that £ > k + s,

E ajve—j + g ajve—j +ug < asupvj—i-HvHoo g aj + Upts.
j=k+1 jzs j=k+1

This inequality holds for all £ > k + s. Then
sup vj < asup v + [|v]| 0o Z aj + uy.
okt i>s Parntt
We deduce that
1 o
sup v, ga"HvHOO—i—l— 1|00 Z a; + uy,
j>nk —a =kt 1

Using the inequality [|v||e < a||Xo|la/(1 — a), one gets the result.
APPENDIX

We give below general conditions for the existence and the boundedness of joint densities of Affine
Models defined in section [ Thus we extend the results for Bilinear Models given in [[I4].
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Proposition 5.1 (Regularity of affine models). Here E = E' = R for some d > 1. Suppose
that the innovations (& )iz in the model (.J) have a common bounded marginal density fe.
Moreover, if inf(, )., det M((z;);>0) = M > 0, the marginal densities fx, . x, of (Xi,...,Xy)
exist for all n > 0 and satisfy

1 X lloo < M| fell5o-

Proof. The solution Xy = H(&,&—1,...) obtained in section p.J is independent of (§;);j>¢ If Gy
is a bounded continuous function on £ with value in R, it holds that

EG(Xl) = EGl Xo, . )51—|—f(X0,X,1,...))
= [ [ Ga0s: + Fw) felsn)dsiPc e s..ofd)

< M [ [ Gl fe N w)lar = F0) Py (du)ds.

The last inequality follows by the substitution M (u)s; + f(u) = x; valid under the assumption
inf(, det M ((x})j>0) = M > 0 ensuring that M (u) is invertible for all u. We obtain

3)5>0
fxo(w) < M! /fs(Ml(u)(ﬂfl — F)P(xo,x_p,..)(du) < M7 feloo-

We proceed by induction for the cases n > 2. Assume that || fx, . x. ,[leo <M~ "7 fel|2 ! is
satisfied. Let G,, be a bounded continuous function on E™ with value in R, one has

le---aXn) = EG (le--- Xn 17M(Xn 17 n—=2 .- )§n+f( n— 17 n— 27---))

///G (@1, s Tne1, M(@n—1, ..., 21, 0) S + f(Tp—1, ..., 71, u0))

fe(sn)dsnfixy,.. Xn_1) (@150 oy Tn—1)dry - dxn1dPix, x_y X0, X01) (W)
The substitution M (zp—1,...,21,u)sy + f(Tp_1,...,21,u) = x, yields

le,...,Xn(xh---, <M //fg .%'n 1,...,x1,u)(xn—f(xn_l,...,a:l,u)))
Xt X)) (@15 Tp1)dwy - den 1dPixg x_y X0 Xnr) (1)

| M 1)Hf§||go_1, this last inequality
yields || fx;,.. xnlloo < M 7" felln- -
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